4. Neural Network Classifiers

In this chapter we will utili se the methods from multivariate statisticd analysis to
investigate the pattern classficaion algorithms that can be obtained whil e training
artificial neural networks. Our attention will be primarily focused on the
similarities and dfferences between the statisticd and reural approaches. For an
introduction and a detail ed acquaintance with artificial neural networks, the reader
is referred to the textbooks of Hertz, Krogh and Palmer (1991), Bishop (1995,
Haykin (1999 and ahers.

In ou analysis, particular emphasis will be given to complexity and
generalisation. It will be shown that, during training, the perceptron’'s weights
increase dong with its complexity. During training d the perceptron, the training
is gopped for a moment to alow us to analyse its generalisation and complexity
relationships from the statisticd point of view. We alvocate that the number of
parameters of the SLP and MLP classfiers is insufficient to charaderise their
complexity. We will consider factors that influencethe perceptron training rocess
and analyse tods which can be utili sed to control its complexity. It will be shown
that proper initial values of the perceptron can contain a substantial amount of
useful information. In order to save this information ore neals to stop training
optimally. At the end, we suggest how to use statisticd classfication algorithms
for categoricd variables and regularisation techniquesto designa“boss' rule (also
known asa*“combining” or “gating” rule) of the coperative neural networks.

4.1 Training Dynamics of the Single Layer
Perceptron

4.1.1 The SLP and its Training Rule

The nonlinea single layer perceptron (SLP) is a grealy simplified mathematica
model of an elementary information pocessng cdl in living aganisms a
neurone. Following Rumelhart et al. (1986), the SLP has been defined as havinga
number of inpus, x;,%s, ... ,Xn, @nd oreoutput o which is cdculated acording

to Equation (4.1)

0=f(V'X +y), (4.1)
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where v, V' = (V¢ , Vo, ... ,Vn) are weights of the discriminant function to be

leaned, and f(net) is a nonlinea adivation function, such as functions (1.6) or
(1.8) already considered in Sedion 1.2.

The output of SLP can be used to perform clasdficaion d the vedor X. The
dedasion bounary is linea. When the adivation function (1.8) is used, ore needs
to compare the output o with zero threshald. To find the weights, a cetain cost
function is minimised. In the feadforward ANN design, the most popuar cost
function wsed isthe sum of squares, defined in Sedion 1.2.Instead of the quadratic
loss one can use the Kulbadk - Leibler distance (see eg. Haykin, 1999. We
concentrate here on the quadratic loss In this chapter, we mnsider a more general
form of the training-set cost with an additional regularisation term

1
N, + N, i

o0 Z

1 Qoo

cost, = (tV - f VXD +vp)) 1 (VIV-EY, (42

1 j=1

where: tgi) isadesired ouput (atarget) for X(ji) , the j-th training set observation

from w;, | and ¢ are parameters of the penalty (regularisation) term. An
aternative to this term is the standard “weight decay” term  +| V'V,

In artificial neural network training, the gradient iterative procedure is the most
popuar method for minimising the st function and finding the weights. At
iterationt, the weight vedor isupdated acordingto the eguation

flcost, flcost;
Vi) =V -h v VoD = Vo) -h v

(4.3

{lcost,

where isagradient of the st function,and h isaleaning-step.

4.1.2 The SLP as Statistical Classifier

4.1.2.1 The Euclidean Distance Classifier

Let us use the tanh adivation function (1.8) and let the targets t(jl) >0, t(jz) <0.
Temporarily, we relax the requirement N, = N;. Dencte

_ Ng _ N>
= \PRa\PY ke= PR\ P}
andlet M= 1 g gi x ® =k M, +k, M, be the cetre of the
N1t N2 ;5 j=1 ! ! 2

training vedors. Suppcse that the foll owing condtions are fulfill ed:
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E1) the catre M ismoved to the zeo pant;

E2) training begins from zero weights;

E3) thetarget t,=- t;Ni/Ny;

E4) the total gradient training (batch mode) is used.

The gradient of the st function (4.2) withou the regularisationterm (I =0) is

lcost

-
leozvo(t) + (ke M, +ke MZ) V(t) ), (4.9

=2(-(tka+ ko) + vy

lcost
~ vy, =20k M+ ko Ma) + (ki My +ko M2 ) Vot KV ), (4.9

1 2 N (i) o (D)\T
where K = XX ). 4,
N1 N2 & ,31 (X570 (4.6)

It was assumed that vy = 0, V()= 0 (asumption E2). Therefore, after the
first iteration, ore has

1 cost,

= 2h( 1 k1+ tzkz), andV(l) = V(O) -2h ﬂ—v = (Q) =

Vo)

2h(t1k1 Ml + t2k2 M2 ).
Thetargets stisfy condtion t;N,=-t;N; (asumption E3). Therefore

V(l) = 2h t kl DM, VO(l) =0, (47)

Vedor (4.7) is propationa to the weight vedor of the Euclidean Distance
Clasdfier designed for centred data, i.e, M= 0 (asuumption E1). The
clasdficaion acording to the numericd sign d the linea discriminant function
with weights (4.7) is asymptoticdly (as N ® ¥) optima when the dasss are
sphericd Gaussan Nx(X, M; , Is?), bu aso in many ather situations. The single-
layer perceptron hes the useful property of being able to become a omparatively
goodstatistica classfier after just the first training iteration. To achieve this, orne
hasto satisfy condtionsE1 E4 enumerated above.

If the number of training vedors from the pattern clases are different
(N2 * Nj), in order to oltain EDC after the first iteration we have to use
asymrretrical targets, i.e. for the tanh adivationfunction t; = -t;N/N,.
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4.1.2.2 The Regularised Discriminant Analysis

Now we ae aleto analyse the dynamics of the weight vedor after the seacond and
following iterations. Let us use the adivation function (1.8), targets t}l) =1,
tl(z) =-1.LetN,=N; = N>n/2 + 1,i.e the sample mvariance matrix S isnot
singuar. Asuume that the leaning step h is snall and after t iterations the weights
remain small. Then the weighted sums |VT X (ji) +V, | are dso small. In such a case,
the nontlinea adivation function (1.8) ads asalinea function,i. e.

VX 4 v » VX g,

After the seconditeration, ili sation d the total gradient adaptation rule (4.3) with
the gradients (4.4) and (4.5) resultsin:

1 cost, B
Tg = (1) -
hDM -h(-DM +2K V) = (1 - (I-h K))K 'DM .

Vo =0 Vg =Vw -h

In further iterations,

o1
Vo =0, Vo =(1-(1-hK))K' DM, 4.9
whee K= L £ % XO(xM'=N-1g 4+ 1pypm’
i & & XD = s+ foou”

To derive (4.8), the matrix K is asaumed to be nonsinguar. Employing the
first terms of expansions

t -
(1-hK) =1-thK+% t(t-Dh°K*- ... and (1-bK) =I1+bK + ...
for small h and t, one can oltain

V(g * (thK - %t(t-1)h°K*))K DM = th(I-%(t-1) hK)DM -

2t ( 2
(t-1) (t-Dh

th(l+ %(t-1) hK) DM = +K)'DM =

2t 2 . N
(t-l)(l (t- Dh +(N1s+3DMDMY))DM.
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Sample CM S is assumed to be nat singuar. Then after some matrix algebra the
followingis obtained

2
(t- 1h

V= (I NL_- + S )_lDM kg, Vo(t) =0, (4.9

1

where kg isascdar coefficient.

When classfying acording to the sign d the discriminant function, the
coefficient kg isirrelevant. Therefore, the weight vedor V(, isequivalent to that of
the regularised dscriminant analysis (2.38) with the regularisation parameter

4.1.2.3 The Standard Linear Fisher Classifier

The @owve expressons indicae that when the number of the training iterations

N _+ s )® s andtheresulting classfier approaches the
- Dh N-1 ) g appr

standad Fisher linear DF. The Fisher clasdfier can be obtained also when we
utili se the linea perceptron (here, f(net) = net) and equate the derivatives (4.4) and

(4.5) to zero and solve the resulting eguations with resped to vp and V. Then for
the centred dataone has vy=0,andV = K 'l( M, - M ,) (seeSedion 1.3.

increases, (|

4.1.2.4 The Pseudo-Fisher Classifier

Whil e deriving the weight vedor (4.9), it was asaumed that the sample cvariance
matrix isnot singuar. If the number of training samplesN <n + 2, thematrix S is
singuar. Now one can show that with an increase in the number of iterations, the
resulting classfier approades the Fisher linear DF with the pseudoinversion o
the sample @variance matrix. We aume the weights are small, the training data
iscentred, t;=-t,=1,and N,=N;=N . Theweight vedor (4.8) can be writtenin a
way that does nat require the matrix K to be non-singuar

t o S, S1
Vg = & C¢(-h) K DM .
s=1

. . . d Ou
Let theorthogordl n” nmatrix F satisfy representation F'KF= 20 OE' Then
C u

5 s S T S1_+ t s s A 0@5—1 ;
V=4 CP(-h)F(F KF) FDM =& CP(-h)F gO ol E'DM =
s=1 o1 u

t Sé Ol:lS é-l 0[J T
F(& Cith) e, .a)é 4F DM =
(&, GV g of) o of
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-1

4 0Q é ou
F(I-(1-h § W )FTF & GF DM =
€ 0y 60 0g
d Ou PF
F(I-(I-hgo 08))FTV , (4.10

4! ou
whereV " =F & 0 OQFTDM = K*'DM , and the pseudo-inverse K * iis defined
é i

by Equation (2.35).
For small values of h with anincreaseint

(|-(|-h§O gg)t)® l.

Then Vph® V Feseudo (the weight vedor of the Fisher linear DF with pseudo
inversior). This conclusion is corred while the inpus net = V'X + v, to the
adivationfunction o(net) vary inthelinea part of the function o(net).

4.1.2.5 Dynamics of the Magnitudes of the Weights

In the ANN literature, it is recmmended that one starts training the perceptron
with small i nitial weights. Above we have presented the aguments that in the SLP
perceptron training, it is beneficial to begin from zero-valued initial weights.
Initially, in bah cases, the weights of the perceptron are small. Whil e training, the
magnitudes of the weights incresse. We ca illustrate this phenomenon
theoreticdly.

First, we rewrite the st function (4.2) withou the regularisation term in
foll owing way

1
N, + N, i

0 Z

cost; =

1 Deoro

(tY - 1))

1 1

where G; = c(V'X { +v), the weights v, , V are determined by the weights of the
Fisher DF (Equation (1.3)), and a constant ¢ controls a magnitude of the weights.

In the high-dimensional case, we can asaume aset of the values Gy, Gy, ...,
Gon have the Gaussan dstribution. To find an optimal value of ¢ we nate that the
mean values E;, E; and a wmmon standard deviation, sd, of G; for both classes
are:

E =(-1)" %cd’, and sd=cd,
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where o= (Ml-Mz)T§'l(M1-M2) is the sample squared Mahalanokis
distance.
The seach for a minimum of cost, with linea and nonlinea adivation

functions for limiting target values results in the optimal value: oy = 1. Therefore,
the mean values and standard deviations of the weighted sums VX (j') +v,are

for d=1, |E|=0.5, sd=1,
for d=2, |E |2, sd=2,
for d=8, |E|=32, sd=8.
The @owe onsiderations $ow that in the training pocess the weights can

increase up to certain values. These values depend on the separability of the
training sets of oppasite pattern classes, d: for close dasses, we shoud oltain

small weights and, for distant classs, large ones. If d isinfinitely large, then the
magnitude of the weightsis unbouned.

At the beginning d training, the weights are small, and all weighted sums G;
are small too. Later, the weights and the weighted sums G; are increasing. At the
very end d the training process we gproach a minimum of the cost function.

Then for very distant pattern classes (large a) the outputs of SLP for amost all
training vedors X(ji) shoud beamme very close to the boundry values of the
adivationfunction.

4.1.2.6 The Robust Discriminant Analysis

With an increase in the number of iterations, the magnitudes of the weights shoud
grow. Consequently, a major part of the weighted sums |VTX (j') +v,| becmes
large. The outputs of the tanh adivation function are bounded by -1 and 1,i.e.
1Ef (VX (J.') +V, ) £ 1. As a result, for large weighted sums VX (j') + vyl the
adivation function kegins to ad as the nonlinea function. For large weights, the
nontlineaity of the adivation function reduces the influence of distant atypicd
training vedors (outli ers) and we obtain arobust linea classficaionrule.

Note, in the finite iteration case, we have arobust andregularised discriminart
function. This is a new way to design the dassficdion rule, which has no
anaogle in statisticd pattern recogrition. The robust discriminant function can be

ohtained also for the cae where the target values differ from the limit ones (e.g.
t, = 0.8andt,= -0.8for tanh adivation function (1.8)).

4.1.2.7 The Minimum Empirical Error Classifier

When the targets values are +1 and -1 and the empiricd classfication error is
small the weights may beame very large. Then ouputsof SLP, o= f(VTX (ji) +Vp)
bewmme very close to either -1 o +1. Consequently, while minimising the st
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(4.2), rougHy, we ae minimising the empiricd clasdficaion error as well
(theoreticdly, we minimise the ampiricd classfication error only in situations

where the weights and the weighted sums |VTx (j') + V| are extraordinarily large).

In situations where the number of empiricd errors is high, the weights canna
bemme too large. In arder to minimise the number of training-set errors one ought
to increase the weights purpasefully. To dothis one may fix certain values of the
parameters | and c? in the @st function (4.2) and okiain an “anti-regularisation”
effed (Sedion 4.6.3.

4.1.2.8 The Maximum Margin (Support Vector) Classifier

When the number of training vedors, N, is gnall in comparison with the number
of inpus n then after a certain amount of training, the number of empiricd
(training-set) errors can beame equal to zero. In such a situation, we obtain the
zero empiricd error clasdfier. Suppcse we incorporate cetain requirementsin the
cost function in order to prevent an excessve growth o the weights magnitudes
(e.g.,we add aterm | (VT V- cz)2 with sufficiently large ¢’ to the mst function).
Then in oder to dminish the 4, the training algorithm shodd maximise
distances from the training vedors to a separating hyperplane, XTV(t)+ Voty = 0.

Training vedors which are dosest to the hyperplane, XTV(t)+ Voity = 0, have

maximal contribution to the st (4.2). Due to the exporential charader of the
adivation function (1.8), their contribution can be orders of magnitude larger than
contributions of more distant vedors. Therefore, the training algorithm reads to
the dosest training vedors. Thus, it maximises the margin between the hyperplane

XTV(O + Voty = 0 and the dosest training vedors. This is the maximal margin

clasgfier. In cases when, instead of working in the original fegure space we map
the inpu vedors X into a high-dimensional feaure spaceW,e, throughsome non
linea mapping, chosen a priori, we have the SV clasdfier.

4.1.3 Training Dynamics and Generalisation

It has been shown that whil e satisfying condtions E1 - E4, one car oltain seven
statisticd classfiers of differing complexity. These ae beneficial characteristics of
the single layer perceptrons. In Chapter 5, we will utilise these properties to
integrate the statistica and reural approadhiesin designing linea clasdfiers. In this
subsedion, we illustrate these properties by describing several charaderistic
simulation experiments with bi-variate data sets. In these experiments, we
demonstrate the influences of the data, and the parameters of the training
algorithm onthe type of classfier obtained.

Example 1. In Figure 4.1, we have the distribution o two hi-variate Gausdan
clases A (adready depicted in Figure 1.3: two GCCM “signa” classes
contaminated with 10% additional Gausgan ndse. The noise patterns are indicaed
by “x” and“+", the signal classes by two small elli pses.
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In al training experiments reported in this ®edion, we use the cantred training
data and the starting weight vedor vig) = 0,V = 0. We train the single layer
perceptron with the sigmoid adivation function and targets t,=1 and t,=0. We
train for t,.x = 1000iterations by standard badk-propagation in batch mode, with
the leaning step h = 5. The training-set sizeis N;= N,= N = 250. After the first
iteration (boundry 1in Figure 4.1), we obtain the EDC (boundxry 2) yielding an
error rate of 22%. After 250 iterations, the resulting classfier (boundry 3)
bemmes very close to the Fisher linea discriminant (boundry 4) and yields an
error rate of 12%.

Fig. 4.1. Dynamics of the SLP training process the distribution  two Gaussan pattern
classes contaminated by noise and the pasitions of the discriminant lines: 1 - SLP after the
first iteration, 2 - Euclidean distance dasdfier, 3- SLP after 250iterations. 4 - the Fisher
linea DF, 5 - the MEE classfier, 6 - SLP at the end d the training process (Reprinted
from Neural Networks, 11:283296, Raudys, Evolution and generdizaion d a singe
neurone, 1998 with permisson from Elsevier Science).

After 750 more iterations with the leaning step h=5, the dedsion boundry of
SLP adualy comes extremely close to the boundry of the Fisher linea
discriminant (boundxry 4). A significant increase in the leaning step (up to
h=100 helps to move the dedsion bounadry of SLP (boundxry 5, after 1000
iterations) to boundry 6 o the minimum empirica error classfier (error rate of
5.5%).

Example 2. More details on designing the maximal margin clasdfier can be
perceived from Figure 4.2. In this bi-variate data model, ead class consists of a
mixture of two Gaussan densities. Each subclassis distributed onits own straight
“data line” in the bi-variate space All four data lines are parallel. Conventional
training d the SLP alows us to oltain the zeo empiricd error classfier, however,
it does nat alow us to maximise the margin between the training veaors and the
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discriminant boundry Vg + vix; + Vox, = 0. The reason is sSmple: after a cetain
amourt of training, the weights become rather large and dminish the gradient of
the st function. Thus, the training processessentialy stops.

In order to oltain the maximal margin, ore neals to have large weights. One
way to dothisisto increase the leaning step. Constant values of the learning step
guarantee the leaning pocessonly at the very beginning o iteration, while the
weights are small, and the adivation function o(g) is unsaturated.

Fig. 4.2. SLP as the maximum mergin clasgfier. a shows the training data, a mixture of
Gaussan subclasses: 1 - discriminant line éter training with h=0.5, 2 - discriminant line
t
after training with varying h (h=0.5"1.05). Only four vedors contribute to the
determination o the exad position d the boundry. b shows the generalisation error
t

versus t, the number of iterations: 1 - h =0.5,2- h=0.5 1.05 (Reprinted from Neural
Networks, 11:283-296, Raudys, Evolution and generdizaion o a single neurone, 1998
with permisson from Elsevier Science).

After training with the exporentially increasing leaning step (h=0.5 1.05t), the
dedsion boundry is placeal approximately halfway between the closest vedors of
oppaite pattern classes. This is the maximum margin classfier. The remaining
vedors from the other two subclasses do nad affed the pasition d the dedsion
boundry.

Example 3. Details concerning the eporentidly incressing leaning step
technique are presented in Figure 4.3. We present the change in the magnitude of
the weights of SLP during 800iterations for 100-dimensional Gaussan N(M;, S)
data. The parameters of the datamodel are M, =- My =M = (my, My, ..., Mugo) .
Randamly cf distributed comporents n?; were normalised (M ™ = 4). The
variances of al feaures were set to urity, s; =1, and the mvariances were set to
sj =0.3. Thetraining set sizeis &t at N = 100.

In this high-dimensional example, we have two well-separated pattern-classes
and a mmparatively small number of training vedors. Therefore, the training data
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is linealy separable. After achieving the zero empiricd error, we obtain a cetain
margin between the dedsion boundry and the training vedors. In this experiment,
we ompare two strategies to control the leaning step h. In the first three
experiments, the parameter h is kept constant, in the fourth experiment, the
parameter h is exporentially increasing with the iteration number t, h=h, - g". In
pradice, we need fix a boundfor a maximal vaue hy. We seethe value of the
leaning step h and its behaviour with an increase in the number of iterations
affeds the magnitude of the weights and indirealy influences the outcome of the
training process Thus, the leaning step is one of main fadors which influencethe
statisticd properties of the dassficaionrule and its generalisation error.

VI 4
- 3
2
-
1
t

Fig. 4.3. An increase in the magnitude ||V|| of the weights versust, the number of iterations:
1- h=0012- h=0.1,2- h=0.3333 4- h=001" 105"

4.2 Non-Linear Decision Bound aries

In the previous sdion, we demonstrated that in its dynamic evolution, SLP can
redise seven linea classficaion agorithms of different complexity. In order to
obtain nonlinea boundries, we have ether to uilise more complicaed
algorithms or prior to training, gerform nortlinea fedure transformations.

4.2.1 The SLPin Transformed Feature Space

A standard approach to oltaining nonlinea dedsion boundries by means of
simple dgorithms is to map the inpu vedors X into a high-dimensional feaure
spacethroughsome nonlinea mapping, chasen a priori

Yo =f(X, Yo), b=1,2,.. m,

where m is the dimensiondlity of the new space and Yy, Y4, ..., Ynhis a set of
known vedor parameters.
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In this mvariate space ore wnstructs alinea classfier which, in the original
low-dimensional space forms the nonlinea dedsion boundry. Two classcd
examples are the poynomia classfiers of Schuermann (1977 and the suppat
vedor (SV) madines of Vapnik (1995. Below, an example using the SLP is
presented.

Example 4. In Figure 4.4 we have adistribution d two unimoda bi-variate
popuations (100 pants from ead pettern clasg with dlightly asymmetricd
distribution censities of the feaures. To discriminate the pattern classes we used
the standard quedratic DF at first (dedsion boundary Q).

Fig. 4.4. The nonlinea dedsion boundries from the standard quedratic discriminant
function Q (six weights, 19.5% of errors), the multil ayer perceptron MLP with two hidden
units (nine weights, 11.5% of errors), and the SLP in the transformed five-variate
poynomial feaure space(six weights, 9.5% of errors).

In order to oltain the better dedsion boundry, we used MLP (dedsion boundry
MLP). In addition, we mapped the datainto five-variate polynomia feaure space
Yi=X1, Y2=X3, V3= X]_Z, Ya= X22, Y5 = X1 X2 and trained the SLP in order to oktain
the minimal number of errors while dassfying 200training vedors. We obtained
the same type of quadratic dedsion boundry as in the first case. The weights,
however, were diff erent and resulted in a different dedasion boundry with half the
number of clasdfication errors.

In the high-dimensional fedure space the new feaures were highly correlated.
Therefore, to asare mnvergence, we had to whiten the data (see Sedion 5.5.1for
detail s) and to use the antiregularisation technique (seeSedion 4.6.3for detail s).

The paynomial feaure transformation is the first and most popuar choice for
forming “the high-dimensional fedure space through some nontlinea mapping,
chosen a priori”. Another popuar classof functionsisradia basis functions:

Yo = K(X, Cp). (4.1D
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Asasimple example, consider the sphericd Gausdan density
n _ e )2 2
K(X,Co)=Ny(X, M, 152)= O (2p)y Y2s;te V2(i~ %) /50, (4.1
j=1

where sy, is aradius of bth radial function and C, = (Coy, Co1, -, cbn)T isits centre
vedor.

In principle, more complicaed radial basis functions can be dhasen. One more
classof mapping functionsis nortlinea transformations of the weighted sums

.
Yo = f(X Vb + Vo), (4.13
where f(net ) isanontlinea function, e.g. f(net) = tanh(net), vq,, and

VbT = (Vb1 » Vb2 , --- Von) are efficients of the bth mapping function.

In this approach, to design the nonlinea classfiers, the parameters s (the

radius), Cp1, Cp1, .., Con (COOrdinates of the cantre vedor), and Vi, Vb1, Vb2 » «+ Vbn
(the wefficients of the mapping function) are chosen a priori. In training the
classfier, ore neads to find weights wo, W, ..., Wi, of thefinal linea classfier
m
[o]
ouput= @ Wp Y + Wo. (4.19
b=1

Instead o using the SLP to find the weights in the new high-dimensiona feaure
space ore can uilise any of a number of known linea classfiers. Schuermann
utili sed the standard Fisher clasdfier with the pseudo-inversion d the @variance
matrix. Vapnik used the linea maximal margin clasdfier. The SLP is
advantageous in the sense that, whil e training the perceptron in an adaptive way,
we can oltain bah linea classfiers just mentioned and five others (Sedion 4.7).
In the new high-dimensional feaure space we face aserious additional difficulty:
the new feaures are highly-correlated and the SLP classfier’ straining can become
very slow. In chapter 5 we will discuss peauliarities of training SLP in the high-
dimensional highly-correlated feaure space

4.2.2 The MLP Classifier

The MLP clasdfier is charaderised by alarge number of hidden layers and ouput
layer weights. Theory shows that the standard MLP with ore hidden layer and
smocth nonlinea adivation functions can redise a arbitrary nonlinea dedsion
boundry. For this we need to have a sufficient number of hidden unts. The
information processng scheme of the MLP classfier with ore hidden layer is
similar to (4.14) with the nontlinea transformations of the weighted sums (4.13).
A main dfference is that in MLP the mefficients of the mapping functions
(Vobs Vo1 » Vb2 » --s Vons D=1, 2, ..., h) shodd be foundfrom the training cata.
Previoudly, in this book, we have presented three examples of nonlinea dedsion
boundxries obtained by uilisingMLP (Figures 1.5, 2.1and 4.9.
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A standard method d finding the weights is to use the gradient descent
optimisation (a badk propagation method) where we cdculate derivatives of the
cost function and find the weights in an iterative way. To perform the optimisation
task we ned to fix starting values for the weight vedor. This gage of the training
processis cdled “the weightsinitialisation”. In Sedion 4.5.2we will show that the
weights initialisation is very important in determining the performance of the
neural network. In this book, we focus on the complexity and generalisation
problems. Therefore, for standard detail s concerning badk propagation and aher
training procedures the reader is referred to the excdlent textbooks of Hertz,
Kroghand Pamer (1991, Bishop (1995 and Haykin (1999.

4.2.3 Radial Basis Function Networks

The information processng scheme of the Radial Basis Functions (RBF) network
is $milar to (4.14) with the nontlinea transformations of the weighted sums (4.11)
and (4.12. A main dfference onsists in that, in RBF, the wefficients of the
mapping functions $odd be found from the training cata. The discriminant
function wsed to make the dedsion is similar to that discussed for the statistica
clasdfier (2.44) derived for the mixtures of Gaussan or nonGaussan sphericd
densities (Sedion 2.6.). In the statisticd approad, in order to find the unknavn
coefficients of the dedsion rule we use statisticd parameter estimation methods.
Typicdly, these parameters are different for ead pattern class In the neural
network approad, we have to choose the st function and minimise it. Here, in
determining the parameters of the network, training vedors of al pattern classes
are used simultaneoudly. This is one of the alvantages of the RBF networks over
the statisticd classfiers. Equation (4.15 is an example of the st function for the
two category case

1
N, + N, i

0 Z

i f m i
Y(t(jl) i béll Vib k(x(jl)’Cib’Sib))' (4.19

cost; =
1

11 Qopo

1]

where y(c) isalossfunction (e.g. quedratic, robust, etc.).

In the RBF approad, an important problem is to choose the targets, t(ji) . One

posshility is to use zeos and ores that indicate the dass membership of eath
training vedor X(j') . Asthe starting values of the unknown coefficients vi, s;, and

Cib1, Cib2s ---» Cibn the standard statisticd mixture decompasition o cluster analysis
method can be used (for cluster analysis, seeFukuraga, 1990,Dudacet al., 200Q.
In amodification d RBF, asthe output of the network one can use theratio

dvgK(X,Cy,54)
b=1

2 '
ii‘l bazlvibk(x’cib’s ib)

Ps(X) = (4.19
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If one suppases that expresson gll Vg K(X, Cg,, Sg)) approximates the dass
b=

condtional density fy(X), then following the statistica pattern recogrition theory,

one ca conclude that expresson (4.16) will represent the a pasteriori probabili ty
of sth class Use of (4.16 in the st function (4.15 results in a differentiable
function with an easy-to-find gadient. This approach can be used for formally
introdwcing a rejedion ogion into the dgorithm. Some aithors cdl such
modificaions of the RBF networks probalili stic neural networks.

4.2.4 Learning Vector Quantisation Networks

A simplification d the numericd cdculation grocessin the RBF networks during

the remgrition ptase follows if, instead o the sum glvsbk(X,C » Sg)), Ore
b=

analyses eadr o the m comporents sparately as an independent new subclass
Then a piecavise-linea discriminant function similar to (2.46) can be @nstructed.
Such types of dedsion-making is cdled the leaning vedor quantisation retwork.
This £heme is very similar to the piecevise-linear clasdfiers discussed in Sedion
2.6.2. A dedsionrmaking procedure which performs these cdculations has been
depicted in Figure 2.4. To estimate the unknown centres, Cy, and radiuses, s,

one has to minimise a tasen cost function. As the starting values of the unknavn
coefficients, ore can uili se the wefficients of the piecevise-linea discriminant
function dscussd in Sedion 2.6.2.Various approadhes, including dd ores
traditionally used to design the statisticd pattern classfiers, can be used to find the
centres Cgy. These methods include the duster analysis methods, mixture

demmposition methods and the grea variety of dedsion tree design methods
(Sedion 2.8.3. In the neural net approach, however, to find the wefficients,
training vedors of al pattern classes take part smultaneously.

4.3 Training Peculiarities of the Perceptrons

The essential property of the cost functions utilised in ANN training is the non
lineaity of the adivation function. The nonlineaity helps to oltain nonlinea
smocth dedsion boundries. However, at the same time it burdens the iterative
training process One more training dfficulty arises in cases where the training
data ae dmost singuar, i.e. we have ax immense diff erence between the small est
and largest eigenvalues of the data mvariance matrix.

4.3.1 Cost Function Surfaces of the SLP Classifier

The nonlinea SLP classfier redises a hyperplane in the n-dimensional fegure
space W. The position d this hyperplane is determined by n independent
parameters. The SLP classfier, hovever, has n+1 weights that are determined in
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the training process Consequently, orne weight is excessve. Therefore, in a
multivariate weight space the st function has a degp and longtrench.

Example 5. In Figure 4.5a, we present two sedions of the sum of sguares cost
function surface We onsider SLP which determines a discriminant function
O(X1) = VaX;+Vo = Wma (X, + Wing) Utili sed to classfy uni-variate observationsinto two
popuations. The graphs are presented as the costt versus Wy, for two values of a
coefficient wyy (asolid graph for wyy = 100, here we have dmost the hard-li miting
adivation function, and a dotted graph for wiyy = 20, here we have the smoacther
soft-limiting adivation function).

Apparently, for the hard-limiting adivation function (w, = 100 ead training
observation contributes a separate step into the st function surface We have
stated ealier that the relative slope of the st function depends on the magnitude
of the weights. Therefore, nea the origin (Wy, = 20, the small weights) the
adivation function ads almost as a linea one ad the st function is snoath.
With an increase in the magnitude of the weights, the adivation function ads
almost as a hard-limiti ng function. Then the steps exhibit themselves more dealy.
It beaomes quite obvious from 2D and D plots of the wst function
(Figure 4.50c).

In this figure, we seefour clear minima - four ditches in the landscape of the
cost function. In spite of simplicity of the dasdficaion poblem, the dfed of
multi -extremality of the ast function is obvious: the st function is compased of
numerous ditches and long hlls read aong, like the rays from the origin of the
co-ordinate acis.

4.3.2 Cost Function Surfaces of the MLP Classifier

In comparison with the SLP, the multil ayer perceptrons with n inpus and h hidden
neurones have more weights to be aljusted. Therefore, the aaysis and
understanding o the MLP cost function surfaces in an (n+1)h+(h+1)-variate
weight space Qu.p are much more complicaed. If the enpiricd error is zero, then,
as a rule, the global minimum of the st function surface is expressed more
clealy.

Example 6. We wnsider the dassficaion problem with two bi-variate pattern
classes, where the vedors of the first pattern classare inside aather one: vedors
of bi-variate sphericd Gausdan dstribution N(O, |) are inside a circle

(x12+ x5 = 1.1) and wedors of the second class are outside a larger circle

(x2+x3 = 1.49. It is data SF2. The number of training vedors is N; = N, = 50.
The weights were initialised randamly in an interval (-3, 3 and MLP with three
sigmoid neurones in the hidden layer was trained 5000cycles by the stochastic
badk propagation methodwith targets 0.9 and 0.1and leaning step h=0.2.
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Fig. 4.5. a- two sedions of the mst function d the sum sguares versus Wy, the threshold
coefficient of DF, for the hard-limiting adivation function (solid line) and for the soft-
limiting adivation function (dotted line); twelve uni-variate Gausdan N(0,1) and N(1.68,1)
training olservations from ead classare depicted by positive and regative impulses; b -
2D plot of the st function; ¢ - 3D plot of the mst function: long trenches (the minima)
are marked by numbers 1 (the global minimum), 2, 3, and 4(the locd minima).
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In the badk propagation stochastic gradient training, the weights wandered for a
while aound an origin of the -ordinate ais until zero empiricd error was
achieved (»250 cycles). Afterwards, the weights began increasing steadily urtil
they readied some “locd trench” and moved further along this trench. We see
changes in nine hidden layer weights and the output layer weights during the
trainingin five weight trajedory plots, presented in Figure 4.6.

In Figure 4.6, the weights values are plotted onthe akes x andy, however, they
are different for eadh of the 5 plots:

- plots 1, 2,and 3represent the weight pairs - Vjy Versus v, of three hidden layer

neurones (j =1, 2, 3;
- plots 4 and 5represent the weight pairs w; versus w, and w,, versus w, of the

output-layer neurone.

The most distant points of ead of the five weight trajedory plots correspondto
the weights obtained after 2000additional training cycles, when the targets 1.0 and
0.0were used.

-10

-10 -5 0 5 10

Fig. 4.6. “Explosion d universe” in MLP training: 1, 2 and 3 show the hidden layer
weights; 4, 5 show the output layer weights (for eat “weight history” the m-ordinates are
different).

This example demonstrates that the locd minima positions depend onthe target
values. A linea propational increase in the values of the weights indicaes that
approximately corred positions of the individual hyperplanes have drealy been
found duing the precaling training iterations. In subsequent iterations, the
network increases the magnitudes of the weights withou changing the positi ons of
discriminating hyperplanes notably. An increase in the magnitudes of the weights
of the hidden layer neurones sarpens the aurvatures of the dedsion boundry.
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Thus, the control of the magnitudes of the weights permits us to oltain optimal
curvatures of the dedsion boundry nea the intersedion d two o more of the
discriminating hyperplanes. We have presented an illustration in Sedion 1.2
(Figure 1.5).

When the empiricd error is zero, the output-layer neurone performs dedsions
in alinealy separable space Therefore, we do nd have the “curvature” problems
there. Consequently, the output-layer weights have atendency to increase withou
bound.We can ndicethat after 2000additional training cycles with the targets 1.0
and 0.0, pints4 and 5 d the output neurone move much farther than the points 1,
2, and 3,correspondng to the hidden neurones.

Asin the SLP classfier, eatn hidden neurone is charaderised by n+1 weights,
however the position o the hyperplane @rrespondng to this neurone is
determined by n independent parameters. Thus, ore parameter in ead neurone is
excesdve in determining the position d the hyperplane. In such away, at the end
of the training process the st function surfaceof MLP has a multidimensional
flat area For the single layer perceptron, we had the one-dimensional “long
narrow ditch”. Inthat case, the BP training is extremely slow.

Example 7. In Figure 4.7,we have 2D and 3 plots of the st function surfaceof
an insufficiently trained MLP with eight hidden urits. The weights are still small.
In the two-dimensional spaceof two hidden unit weights, there exists only one,
global, minimum point and there ae no locd minima. However, the eror surface
consists of a grea number of flat plane surfaces, steg slopes and wide or narrow
ditches, and,in faq, it is very difficult to find the global minimum point.

We have depicted ony the two-dimensional sedion d the wst function
surface The number of weights is much larger acually and the situation is much
more complex. It is nat easy to find the right diredion in which to move in this
perplexity of ditches and gdateaux. In the BP training with a @mnstant leaning step,
the training algorithm gradually stops at one flat locd minimum. Numerous
simulation studies with data atificially generated by a teadher MLP indicae that
despite the fad that, in principle, the MLP can separate the training data without
error, often the badk propagationtraining failsto dothis.

One more spedfic pealliarity of the MLP clasdfiers is that there eist a
number of different combinations of the network weights that result in
approximately the same dasdficaion acaracgy. The amourt of satisfactory
solutionsis usualy significantly larger when the number of neurones in the hidden
layer is high, e.g. interchange of two hidden neurones and correspording ouput
layer weights does nat change the dedsion boundry.

When the training vedors of the oppdsite pattern clases overlap, larger
numbers of locd ditches can be found.The situationis smilar to that of the single-
layer perceptron already discussed at the beginning d this ®dion. One more
charaderistic difficulty in the MLP training arises when several hidden neurones
beoome very similar. Each new initiali sation and subsequent training d MLP can
lead to a new corfiguration d the hyperplanes produced by the hidden neurones.
Therefore, one shoud train the perceptron many times, ead time starting from
different initial weights.
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Fig. 4.7. 2D and 3 cost function dots of an uncertrained MLP (with small weights) with
eight hidden urits.
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4.3.3 The Gradient Minimisation of the Cost Function

The gradient minimisation o the st function is favourable in the sense that, in
SLP training, it is possble to oltain regularised discriminant analysis (RDA). In
principle, to speed up the optimisation pocedure one can uilise more
sophigticaed second ader methods (e.g., a Newton method o its modifications),
however, in this case, we bypass RDA. In this ®dion we @nsider an
unfavourable property associated with the egenvalues of the training data when
we anploy the traditi onal gradient (badk-propagation) training procedure.

Such a situation arises when the training-set size N is gnall i n comparison with
n, the number of inpus, when the original feaures are highly correlated and when
we map the inpu vedors into a high-dimensional space Then the new feaures
become highly correlated and the sample cvariance matrix becomes snguar or
almost singuar. A number of eigenvalues of this matrix can be small or equal to
zero.

As in the previous ®dions, consider the linea SLP and the traditional sum of
squares cost function and the total gradient descent optimisation procedure. Using
simple matrix algebra, we can rewrite the sum of sguares cost function in the
following way

o Z

+(V-V)'K (V-V )

Qony

cost(V) = (19 (v'x ) +vp)*= cost

S min
N1 + N2 i=1j=1

= cost,, +(V-V ) FF 'K FF "(V-V ) =cost . +U'LU = cost, (U), (4.17)

where vV = K '1( M;-M,), F isan aothogoral eigenvedors matrix of the matrix

Ke—21 2% xOxOT gentha K=FLE"
N, + N, i=j=s 1 71 ’

9, 0 .. od
o oY .
L=¢€ Iz Uis an eigenvalues matrix of K, and U = F (V-V ). Note,
a.. .. Y|
g 0 . 1.4
_ 28 0 Ty, (i) 2
thetermcost ;= —— & a(tj -(V X5 +V )" does nat depend on U.

N, + N, i=lj=1

Representation (4.17) all ows us to expressthe gradient in avery simple form
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1 cost;

g lup =2t o

Then the gradient training rule of the transformed weight vedor U =F T(V-V )is

Tlcost,

U(t+1) = U(t) -h = U(t) -h2L U(t) = (l -2h L) U(t). (41&

In order to ensure @nwergence to zeo, the following condtions $oud be
satisfied

[1-2hl;|<1 for i=1,2,..,n (4.19

Let | maxbethe maximal eigenvalue of K. Then condtion (4.19 can be formulated
as

0<h <Ul (4.20

The mnwvergence time depends on all spedra of eigenvalues of the matrix K. In
order to oltain the fastest convergenceit is suggested that one shoud use

hom:; or hon:mi,where0<m< 1. (4.2)
I min +| max 2I max

We seethat in situations where the training datais almost singuar, i.e. we have an
immense difference between the smallest and largest eigenvalues of the data
covariance matrix, it is difficult, if not impossble, to ensure fast BP convergence
of thetraining algorithm.

4.4 Generalisation of the Perceptrons

4.4.1 Single Layer Perceptron

4.4.1.1 Theoretical Background

If the training condtions E1 - E4 are satisfied, then in badk-propagation, ore can
obtain seven statistica classfiers with different generalisation error - training-set
size properties. At first we have EDC with generalisation error (3.7), then RDA
with (3.18, and the Fisher clasdfier with (3.10. If the training-set is very small,
then we gproach the Fisher clasdfier with the pseudoinversion d the cmvariance
matrix (Equation (3.17)). Later, with an increase in the magnitudes of the weights,
we gproach the minimum empirical error classfier discussed in Sedion 3.6.4.
Consequently, the generalisation error of the SLP classfier dramaticdly depends
on the method uilised to train SLP. In the cae of a very good initialisation
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(condtions E1 - E4 and sphericdly Gausdan data), the generalisation error of
SLP can be determined by that of EDC. Suppcse the weights are initialised
randamly in awide interval. Then the generalisation error of SLP is much higher.
In the zeo empiricd error case, it can be determined by the left columns of Table
3.3.

An important aspea of the SLP classfier training is that the generalisation
errors of some dassfiers (EDC and ZEE) depend ona hidden (intrinsic, effedive)
dimensionality of the data. Unfortunately, the definition d the “intrinsic
dimensionalities” for ead clasdfier is different. The type and statisticd properties
of the SLP classfier obtained in the badk propagation training, depend onthe
number of iterations, initialisation, leaning step and peadliarities of the data
Therefore, most often we do nd know which particular type of statisticd classfier
we have & eath moment. Hence, the numericd values of the generalisation error
and estimates of the necessary training-set size discussed in Chapter 3 are difficult

to use pradicaly. Whereas the leaning quantity k = ex-" €3, the ratio between

the generali sation and the asymptotic arors, depends on the training condtions, it
isimpaossble to expressthe generalisation error of SLP by a single formula. Thus,
in order to gude oneself in the SLP training rocess the researcher needs to take
into acourt that in ead particular stage of the training pocess different
generalisation error equations are gplicable.

4.4.1.2 The Experiment Design

In oder to illustrate the dfed of the training condtions on the type of
clasdficaion rule and its generalisation error, we present several experimental
results. In the simulations, we used the GCCM and SG data, the batch-mode BP
training algorithm and the sum of squares cost function with the sigmoid adivation
function (1.6). In the experiments, if not stated atherwise, the ondtions E1 - E4
were fulfilled. Most often we used the target values t; =1 and t,=0. Close targets,
e.g.t;=0.55and t,=0.45,force the sigmoid adivation function to ad as the linea
function. Thus, for t; =0.55and t, = 0.45, after minimising the st function we
shoud ohtain the Fisher DF. To consider a more redistic situation, in some of our
experiments, we analysed the proximal targets t; = 0.9, t, = 0.1, the values
recommended by Rumelhart et al. (1986.

At different moments, the training processwas gopped for an instant and the
generalisation error cdculated. In this particular analysis, we know that the true
distribution d the data is Gaussan. Therefore, to find the generali sation error ey
we do nd need an independent test set - we can caculate ey analyticdly.

Let the sample estimates of weights of the linea discriminant function (DF) be

v, and \7, the true means be M;, and M,, and the CM, S. Then simple matrix
algebra dlows us to cdculate the condtiona means v TMi + vy(i=1,2), and the
variance VT SV of the discriminant function g(X) = net = V 'X+v,. The linea
discriminant function is a Gausdan rand(mAvariabIe. Therefore, the cndtiond
generaisation error (condtioned onvy and V ) is



15¢ 4. Neural Network Clasdfiers

eSLP_l _Vo"'VTMl 1 Vo +VTM,
N

=—F{-— —F——}. 4.2
AN VR RPAAN Vi VAl 2

This expresson al ows us to cd culate the generali sation error analyticdly.

4.4.1.3 The SLP and Parametric Classifiers

If the empiricd clasdficaion error is snal, the target value has a significant
influence on the magnitudes of the weights and onthe result obtained. Thus, the
target values can gude SLP both to the parametric and to nonprametric
(structural) classficaionrules. The generalisation error graphsin Figure 1.10are a
nice illustration. The graphs differ in the target values used. Recdl that for
Figure 1.10the 20-variate GCCM data C was used and the training-set size was
N = 14 wedors from ead class In arder to make the training process faster, a

dightly increasing learning step (h=10" 1.000§) was utili sed. In bah cases, after
the first iteration we have EDC with e}" = 0.058.At the beginning d training,

the generalisation error deaeases. there we have the linea regularised
discriminant analysis. The different target values, however, lead to dfferent
clasdfication rules later. With targets 0.9 & 0.1 (graph 1) we ae gproaching the

standard Fisher DF with e} =0.093. With targets 1 & 0 (graph 2 we move

towards the minimal empiricd error and the maximal margin classfiers. We see
that for an extremely small training-set size (n=20, N=28) and goodinitialisation
(efter the first iteration we have EDC whose weight vedor serves as a very
succesqul initialisation) case, the targets 1 & O result in significantly smaller
generalisation error. Thus, the targets 0.9 & 0.1 can help to oltain parametric
statisticd classfiers.

Figure 4.8 dmonstrates experimental leaning curves. the expeded
generalisation error versus training-set size Ead curve is an average vaue
obtained from 50 randamly seleded training sets (the 20-variate GCCM data C).
The SLP was trained with the targets 0.9 & 0.1 and compared with the leaning
curves of EDC, the Fisher linea classfier and the regularised DA (with the
optimal value of I'). In Sedion 3.4.8 (Figure 3.4), we demonstrated that the
leaning curve of the PseudoFisher classfier exhibits peaking behaviour in the
interval (1< N < n). In the experiment with data C, the Fisher classfier also shows
a minimum close to n/2=10. The eperiment (Figure 4.8, curves 2 and 3
confirms theoreticd findings. The leaning curve of the nonlinea SLP with
targets 0.9& 0.1 (2ain Figure 4.8a) also exhibits a dea peaking behaviour in the
interval (1 < N < n). The shape of this curve resembles experimental (curves 3 and
2 in Figure 4.8b) and theoreticd (Figure 3.4) curves for the standard Fisher DF
and the Pseudo-Fisher DF. The leaning curve of SLP after the first iteration,
(curve 1 in Figure 4.8a), coincides with that of the EDC, (curve 1 in Figure 4.8b).
Both experimental curves are very close to the theoreticd one. Both RDA with
optimal regularisation parameter | o4, (curve 4 in Figure 4.80) and SLP with
optimal number of iterations toy (curve 4 in Figure 4.8a), result in the lowest
classficaion errors. Note, | o and tox were determined individualy for ead
training-set.
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ol a Nor-linear SLP €, b Fou statistica classfiers
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Fig. 4.8. Scissors effed in pradice the generalisation error versus the training set size N.
(a) the nontlinear SLP: 1 after the first iteration, 2a  after 500 iterations (targets 0.9 &
0.1),2b after 100iterations (targets 1 & 0), 4  after the optimal number of iterations; (b)
the statisticd classfiers: 1 EDC, 2 Fisher DF, 3 Pseudo-Fisher DF, 4 regularised
DA for optimal | (Reprinted from Neural Networks, 11:297 313 Raudys, Evolution and
generalizaion d asinge neurone, 1998 with permisson from Elsevier Science).

For N > 1.5n, the experimental leaning curve 2 in Figure 4.8 bewmmes very
close to the theoreticd curve 2 for the Fisher DF in Figure 3.4. The same can be
said abou the eperimental leaning curve 4 in Figure 4.8a of SLP after the
optimal number of iterations toy (targets 1 & 0), and curve 4 in Figure 4.80 for the
regularised DA with the optimal value of the regularisation parameter | . The
curve 2b in Figure 4.8a corresponds to targets 1 & 0. In this case, the target values
force the adivation function to ad as the nonlinea function. For this type of
data, the targets 1 & 0 alow usto oktain esentialy smaller generalisation errors,
and confirms that the target values are vey importarnt.

Figure 4.8b demonstrates an obvious isors effed: for small training sets (up
to N » 60) it is preferable to use the simple structured EDC instead of the complex
Fisher linea DF, and viceversa. That is, in large training-set cases, the Fisher
linea DF can be used more dficiently. In principle, similar conclusions can be
made for the SLP:

- inthe small training-set case, it is preferable to train the SLP for a small number
of iterations,
- inthelarge training-set case, ore neals to use more iterations.
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Other regularisation fadors, such as target and leaning step values, affed the
training process smultaneously and the problem of finding ogimal values for all
of these parametersis not easy. Theoreticd considerations concerning the dfedive
dimensionality n* of EDC indicae situations where SLP can be perfedly trained
by wsing perticularly small training sets. In Sedion 3.3we have analysed an
exceptional case: the 100variate GCCM data model D with effedive

dimensionality n* close to 1 n* » 1.05, and asymptotic eror efg: 0.03.

Theoreticd cdculation gves the generalisation error of EDC EE, =0.0318.This

theoreticd estimate alvocates that for this data, the SLP classfier also can be
trained with an exceptionally small training-set. In a series of 10 experiments with
training sets containing five 100-variate vedors from ead class a very small
generdisation error was obtained: the EDC yielded, onaverage, 0.039error with
the standard deviation 0.009.The same result was obtained for the SLP after the
first iteration.

Similar theoreticd considerations concerning the dfedive dimensionaity n*
indicae situations where it is difficult to train the SLP clasdfier. The 100-variate
GCCM data model E with n* » 10 is an excdlent example. Theoreticd

cdculation gves the generalisation error of EDC éﬁ =0.4997.In a series of 10

experiments with training sets of size N = 200, a very high eneralisation error
was obtained - EDC yielded, on average, 0.4997.After the first iteration, SLP
gave the same result. The Fisher DF, however, yielded a “reasonable” error 0.058,

i.e., only 1.93times higher than the asymptotic eror e§ =0.03.

Thus, “amost singuar” datais a very difficult problem for the BP training (see
Sedion 4.3.3. In such asituation, a“deaorrelating” transformation Y=TX isvery

helpful. An n " n transformation matrix can be obtained from é, an estimate of
the mvariance matrix: T =L ™Y?FT, where F isan athonamal n~ n matrix such

that F' SF =L (diagoral matrix of the @égenvalues). Then, in a new spaceW,
again we obtain the EDC after the first iteration, hawever, thisclassficaionruleis
equivalent to Fisher’srule in the original Wy space We will present more detailsin
Chapter 5.

4.4.1.4 The SLP and Structural (Nonparametric) Classifiers

In nonlinea SLP training, the weights can become very large. In such cases, SLP
can become similar to the minimum empiricd error and the maximum margin
clasdfiers. In the randam seach ogimisation (the Gibbs algorithm) training, the
generalisation error of the zeo empiricd error classfier depends on the prior
distribution d the weight vedor (Sedion 3.6.4. We hypahesise that in the non
random (gradient descent) training, the starting pasition vog), V(g of the weight
vedor can affed the generalisation error too. Simulation experiments confirm this
hypahesis.

Let the pattern classes be sphericdly Gausdan Ny (M, 1), Nx(M o, I). Then the
optimal Bayes dedsionrule is the Euclidean dstance dassfier with weight vedor
VE = DM = My~ My, Vo = - YAMy+ My)' VE. The predictive Bayes approad to
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designing the dasdficaionrules (Sedion 2.4.2 saysthat the sample based EDC is
the optimal dedsion rule when the prior distribution o the vedor DM is
sphericdly Gausdan. Therefore, one can exped that the sample based vedor

(VE, vy) can become agoodstarting pasition in the adaptive training o the SLP

clasdfier. If the training condtions E1  E4 are fulfill ed, then just after the first
iteration we have EDC. In ather words, just after the first iteration we can oltain
the best clasdfier, and do nd nee to train the perceptron any more. If we start
training from randam weights or if the pattern classes differ from the sphericd
Gausdan model, we will not have the best classfier after the first iteration.

Two leaning curves, depicted in Figure 1.9, are typicd examples of
experimental results obtained with the sphericd Gausdan data. When starting from
zero initial weights, just after the first iteration we have the best weight vedor
the sample EDC. Hence, we have a onstant increase in the generalisation error
later (curve 2). After starting from a randamly generated, inexad initial weight
vedor, the training process “correds’ the initial weight vedor. Therefore, the
generalisation error reduces at first. Later on, havever, the training procedure
leads to the maximal margin classfier. The maxima margin (suppat vedor)
classfier is far from being the best one for the sphericd Gausdan patterns.
Therefore, after reating the minimum, we obtain an increase in the generali sation
error, and gadualy we gproad the leaning curve, which is obtained in the zeo
weight initialisation case (curve 1, in dds, iterations 26- 1500nly).

The minimum of curve 1 with randam initialisation is notably higher than the
minimum of the generalisation error with the zeo weight initialisation. This
experiment withesses once more that randam initialisation and the search for the
maximal margin is not always the best strategy in clasdfier design. The corred
initialisation can reduce the generalisation error. Thus, amost corred perceptron
weights can store alarge anourt of useful information. In Sedion 4.5.2we will
consider thisimportant problem in more detail .

Simulation experiments indicae that with an increase in the width of the
weights initialisation interval, the generalisation error of the SLP classfier
increases and approaches the theoreticd value of the mean generadlisation error of
the ZEE clasdfier cdculated for the randam Gaussan priors (Sedion 3.6.4. If the
initiali sation interval becomes too wide, then just before the first iteration we can
have very large weights and the saturation d the adivation function. Then the
perceptron daes nat lean o leans very slowly. In such situations, we can have a
very high classficaionerror.

We seethat the number of weights is far from being a sufficient parameter to
determine the small sample properties of the singe layer perceptron. The
parameters of the perceptron and the training conditions are very important too.

4.4.2 Multilayer Perceptron

The nontlineaity of the adivation function, the mntinuous evolution d the output
layer SLP and the expansion d the hidden layer weights make apredse analysis
of the generdisation error of the MLP classfiers amost impossble. The
theoreticd considerations, hawever, can explain orly the generalisation kehaviour
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of the SLP in the output layer. An acarate investigation o the generali sation error
of the MLP can be performed by means of simulation. In this ®dion, we present
theoreticd and experimental evidence that advocaes that, while determining the
generdisation error of the MLP clasdfier, the number of network weights is a
deficient parameter of the complexity.

4.4.2.1 Weights of the Hidden Layer Neurones are Common for all Outputs

In Chapter 3, it was demonstrated for the parametric statisticd classficaion rules
that the parameters of the dassdistribution density functions that are cmmon for
both pettern classes asymptoticdly (when the number of training samples and the
dimensionality are increasing) do nd affed the epeded probability of
misclasdficaion. In fully conreded feedforward multilayer perceptrons, the
output of ead hidden neurone is transferred to al output layer neurones. Any
deviation, Dv,,,, of ead single hidden layer neurone weight, v,,, affeds all

outputs of the network. Consequently, it can be said that the weights of the hidden
layer neurones of MLP are mmonto all pattern classes.

An analogy with statisticd pattern classficaion hnts that the theoreticd
results concerning parametric statisticd classfiers possbly may be extended to the
multil ayer perceptrons. Unfortunately, there ae no such theoreticd results for the
multil ayer perceptrons © far. Simulation experiments, however, advocate that in
certain situations, this guessis corred.

The smple data. In Figure 4.9a we have two graphs which show the mean
generdlisation error versus the number of dimensions, n, obtained for very simple
structured data - two sphericd Gaussan classes. The lower graph corresponds to
the multil ayer perceptron with five units (h = 5) in the hidden layer trained by the
stochastic gradient BP algorithm, sigmoid adivation function, targets t; = 0.9 and
t, = 0.1. The upper graph corresponds to the standard Fisher linear DF. The same
training dhta sets were used to train bah classficaion algorithms. Apparently, for
thiskind d the datathe MLP classfier with (n+1)h+(h+1) weightsisless ensitive
to the dimensionality of the inpu vedor than is the standard Fisher DF with orly
n+l weights. It agrees with the &ove guess based on the analogy with the
statisticd classfiers. Thus, one may speaulate that the acarragy of the weights that
are ommon for al outputs are lessimportant than the acaracgy of the weights of
the final (output) layer.

In addition to formal statisticd analysis, there is an intuitive explanation. For
very simple distributions of the pattern classes, the neurones of the hidden layer
are similar. Therefore, a minor inacaracy in determination d one weight of the
hidden-layer neurone can be reduced by effeds of other similar hidden urits, and,
most importantly, by subsequent tuning o the weights of the output layer. In the
above example, we have only six weights to be aljusted in the output layer
neurone and this number does nat change with an increase in the number of inpus.
Thus, for simple distributions of the pattern classs, the MLP classfier adapts to
the simplicity of the problem and can perform satisfacorily even in a cae where
the number of weights is sgnificantly larger than the number of training vedors.
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Note that in the example described above, there were no clea locd minima
effeds.

e SN
a b
Fisher linea DF
30
10
MLPwith 20
hidden neurones
20
5 10
MLPwith 5
hidden neurones
0 0
0 10 n 0 5 n

Fig. 4.9. Generdlisation error (in percentage) versus dimensiondity, n, in: a) an easy
duty and b) heavy duty cases.

The omplex data. In a cae of classficaion with pattern classes having
complex-shaped dstributions, the hyperplanes that correspondto dfferent hidden
layer neurones are different. Thus, asmall alteration d the hidden urit weight can
have oppaite dfeds on dfferent outputs of the network and canna be
compensated by tuning the weights of the output layer. Contrary to the cae of
simply-shaped pettern classes, in this stuation, the network can becme more
sengitive to inacaradesin the hidden layer weights.

The heavy-duty sphericd non Gausdan clases SF2 considered ealier can
serve & an example of such a situation. Here, vedors of the first classare inside
the second ore: vedors from a bi-variate sphericd Gausdan dstribution Ny (O, 1)
inside the drcle, (x2+x,? =1.1), were chosen for classwy, and \vedors outside

the larger circle, (x2 + x,2 = 1.45, were dosen for class w,. To make the

training task more difficult, in this Smulation experiment, we alded six Gaussan
Nx (0, 1) zero mean urinformative feaures. The Bayes probability of incorred
clasdficaion is zero, hawvever, the pattern classes are nonlinealy separable. We
will use this eight-variate data once more (in Sedion 4.6.§ and will cdl it SF8.
The training sets were omposed of N = 70 vedors from ead pattern class and
the test set contained Nt = 1000 = 500 + 500 vedors. The graph in Figure 4.%
shows that in this heary-duty case, the generalisation error of MLP increases
exporentialy with an increase in the number of the feaures. Its gnal sample
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behaviour is more similar to the behaviour of the nonparametric locd clasdfiers
(k-NN, Parzen window and multinomial classfiers).

Evidently, MLP can adapt to the cmplexity of the pattern clasdficaion
problem. In the “easy-duty” case, the multilayer perceptron recmgrises the
simplicity of the problem and exhibits even better small training-set behaviour as
the statisticd classfiers do. Therefore, the behaviour of MLP is dud: it depends
on the data to be dassfied. The MLP classfier can behave similarly to the
parametric or the nonparametric locd clasdfier.

4.4.2.2 Intrinsic Dimensionality Problems

Many reseachers claim that the “red dimensionality” of red world datais usually
much smaller than the number of feaures. This hypahesis is based on an
asumption that in red life, orly a few unknown independent fadors influence the
variability of a large number of the feaures measured. This unknawn, bu
intuitively supposed, dmensiondity of the data is cdled the intrinsic
dimensiondlity. In Chapter 3, it was demonstrated that the small sample properties
of EDC, the Parzen window classfier, and the zeo empiricd error classfier
depend onthe intrinsic (effedive, hidden) dimensiondlity of the data. There eist
theoreticd and experimental arguments that it is aso true for the nonlinea SLP
clasdfier. Unfortunately, there is no urique definition d the “intrinsic
dimensionality”. For EDC, it was the parameter n* (Equation (3.7)), for the PW
and zero empiricd error clasdfiersit wasr, the number of non-zero eigenvalues of
the GCCM model. In the GCCM data model case, the Fisher classfier, however, is
sensitive to all feaures. Consequently, the dimensiondlity, r, of the subspace
where the data points are situated is not a sufficient definition d the intrinsic
dimensionality. A rigorous definition depends both on a true distribution d the
pattern classes and onthe type of the dassfier used.

Example 8. In Table 4.1 we have average values (upper rows) and standard
deviations (lower rows) of the generalisation errors of the MLP clasdfiersfor three
pairs of 100-variate GCCM data models with Mahalanohis distanced = d* = 3.76
(asymptotic earor is 0.03. The three data models have different effedive
dimensionality parameters (n* = 1.05, 100 o 1000Q. The number of hidden
neurones was either h = 10 a 100 (1021 o 10201the perceptron’s weights), and
the target values were: t = 0.7 and 0.3t =0.9and 0.2 or t = 1.0 and 0.0(the
standard sigmoid adivation function was used). A standard gradient descent (badk-
propagation) MLP training algorithm from a Matlab neural networks toadbox was
used to train the networks. The generalisation errors were evaluated in 10
experiments with 10randamly chaosen training sets containing N = 10 multi variate
vedors from ead of two pattern clases. Note, N << n=100. To estimate the
generalisation error, 500+500 independent test set veaors were used. For ead set
of experimental condtions in Table 4.1, we present two generdisation error
values:

- an optimally stopped perceptron (ontheleft of “/”), and
- at the end d thetraining process- after 2,000iterations (ontheright, after “/”).
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Table 4.1. Mean values (upper rows) and standard deviations (lower rows) of the
generdisation errors of the MLP classfiers for three pairs of Gausdan pattern classes
sharing a @mmmon covariance matrix. Dimensionality n =100, training-set sizeN =10+10.

n* h=10 h=10 h=10 h=100 h=100 h=100
target=0.7 target=09 target=1.0 target=0.7 target=0.9 target=1.0
105| .173.214 .061.070 .046.050 .062.091 .049.077 .046.069
.059.070 .020.024 .014.016 .021035 .015.027 .013.020

100 | .379.435 .377.433 .374.435 397411 .316.323 .249.308
.065.053 .062.049 .058.045 .053.049 .047.044 .036.037

1000q .476.486 462.471 .455.463 463.481 .463.481 .463.487
.015.022 .025.028 .025.026 .028.033 .023.026  .022.023

Table 4.1 confirms that the data type (the dfedive dimensiondity n*) and the
training condtions (the target values and stoppng moment) are very important.
The simulation results obtained for the sphericd data (n* = n = 100 can be
explained by the theoreticd results presented in Table 3.1. For the sphericd data
any hidden neurone does nat have any preference over other ones. Thus, ore may
make an asaumption that after training, the weights of the hidden layer neurones
become randamn. Asaume the weights of the hidden layer are independent zero-
mean randam variables and the adivation functions of the hidden layer neurones
behave & linea functions. For simplicity, suppcse the distribution o the weights
is Gausdan. Then for n-variate sphericdly Gausdan data, it is possble to cdculate
the Mahalanohis distance of the popuations at outputs of the hidden layer with h

neurones dhiggen » dy/h/(n+h-1) .

For 10 hidden urits we have dhggen » 1.14with asymptotic aror e¢ » 0.29,and
for 100 hdden urits we have dyiggen » 2.666with ex » 0.091.Under the random
weights assumption, for dhiggen » 1.14and n=10 (h = 10) Equation (3.7) for EDC
givesthe expeaed error éﬁ = » 0.36.For n=100(h = 100) and dyjggen » 2.666wWe

cdculate EE, » 0.25.Note, in this analysis, the number of hidden urits, h, plays

role of dimensionality in the output layer SLP. These éﬁ values are fairly closeto
the average experimental values of the optimally stopped MLP obtained for h = 10

and h=100andthetarget values 1 & 0 (&3~ = 0. 374and 0.249.

The experimental values at the end d the training process are doser to the
pessmistic theoreticd generalisation error estimates of the ZEE classfier.
Calculation acaording equations presented in Sedion 3.6.4for ZEE classfier with

randam Gaussan priors for h=10 and Ohiggen » 1.14 gves &5 - = 0.47.For h=100
and Ohigeen » 2.666we cdculate€FE = 0.41. For n* = 100 Table 4.1 shows only
slightly smaller error values at the end o training: €y = 0.435and 0.308.
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For target values 0.7 & 0.3, the weights of the output-layer neurone ae small.
Consequently, the adivation function d this neurone adually behaves like alinea
function. Therefore, in this case, we obtain a dassfier which is gmilar to the
standard Fisher (when h < N) or the Pseudo-Fisher classfier (when h > N). In
Sedion 3.4.8,we have shown that if dimensionality exceels the training-set size,
then the generali sation error of the Pseudo-Fisher classfier is notably smaller than
0.5). In the experiment we obtain simil ar values.

For data with small n* (n*=1.05, EDC gives a small generalisation error. The
same can be said abou the MLP classfier. We dso ndice aparal elism between
the performances of EDC and SLP clasdfiers for data with high intrinsic
dimensionality (n* = 10,000Q: bath clasdfiersresult high generali sation errors.

The &owe results indicde that one caina rejed a posshility that in certain
pattern clasdficaion tasks, the weights of the hidden layer neurones of the MLP
clasdfier to some extent are determined in arandam manner. In cases wherethisis
true, the number of weightsin the hidden layer does nat serve & a charaderistic of
the complexity of the network. Moreover, the hidden layer weights are mommon to
al outputs. In this stuation, the number of weights in the output neurone is the
more important charaderistic. On the other hand, oving to a cnstant evolution o
the output neurone during the iterative training process the number of weightsin
the output layer of the network also bemmes an insufficient charaderistic to
determine ared effedive cmplexity of the network.

4.4.2.3 An Effective Capacity of the Network

In Sedion 4.3.2,it was demonstrated that the locd minima and flat areas of the
cost function dten make difficult the task of designing complex-shaped dedsion
boundxries. Often, knovn ogtimisation methods do nd allow one to redise alarge
number of dichotomies as predicted by VC dimension. In the output layer of the
MLP, we have the single layer perceptrons. The complexity of the SLP classfier
depends on the number of training iterations, the data model, peauliarities of the
cost function, the training algorithm and its parameters. Therefore, the number of
weights to be ajusted in the training processis a very rough and insufficient
characteristic of the network complexty.

Kradjeveld and Duin (1994 experimentaly investigated a number of
dichotomies that can be redised by MLP and badk propagation training. They
found that a pradicd, effedive VC dimension is much smaller than that
theoreticdly predicted by wing the upper and even lower bound. We present
below datafrom Kradj eveld and Duin which show the dependenceof the “effedive
cgpadty” - the average number of dichotomies obtained in the simulation study -
versus h, the number of hidden urits of MLP and n, the number of fedures.

Table 4.2. The etimated effedive caadty d* of MLP as a function d h, the number of
hidden urits. Dimensionality n = 2.

h 1 2 5 10 20 50 100
# o freeparameters 9 21 41 81 201 401
effedive cgadty d* 3 5 6 7 7 6 5
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Table 4.3. The etimated effedive cgadty d* asafunction d n; h=100

n 1 2 5 10 20
# o freeparameters 301 401 701 1201 2201
effedive cgadty d* 4 5 7 11 15

We seethat “the estimated effedive cgadty” may be orders of magnitude smaller
than the theoreticd cgpadty of the network. This proves once more that “the
seaching cgpabilities of the badk propagation algorithm are very limited”
(Kradjeveld and Duin, 1994. In SLP training, we move from the simplest EDC
to the regularised DA, up to the most complex maximal margin classfier.
Undouliedly, asimilar complexity change dfed existsin MLP training.

4.5 Overtraining and Initialisation

A charaderistic phenomenonin ANN training is overtraining (overfitting). With
an increase in the number of iterations, the generalisation error deaeases at first,
reades a minimum and then begins to increase. We @mme acoss sich network
behaviour in Figures 1.9 and 1.10.The overtraining effed can be explained bythe
fad that in a finite training-set case, the network adapts to the training dbta too
much. In this sdion, this important ANN training peadliarity is considered more
thorougHy. We alvocate that, this eff ed depends on:

- adaptation to the training chta,
- the initial weight values of the perceptronand on
- the cmonstant changing d the st functionin the BP training process

4.5.1 Overtraining

One rational explanation d the overtraining effed of the single layer clasdfier is
based onthe faad discussed in Sedion 4.1 during the iterative training process we
obtain severa clasdficaion rules of increasing complexity. In the finite training-
set case, ore of the dasdfiers results in the smallest generalisation error and
appeas to be the best. Thus, we need to choose a ¢asdfier of proper complexity.
In Sedion 4.4.1.1,we hypahesised that in the small training-set case, it is
preferable to train the SLP for a short time and, in the large training-set case, ore
needs to use more iterations. Therefore, with very large training-set sizes, ore may
train SLP until the minimum empiricd error is obtained. When the data ae
sphericdly Gausdan (SG), however, it is reasonable to satisfy condtions E1 - E4
and train the perceptron for only ore iteration. We have drealy seen such an
example in Figure 1.9 where further training d SLP increases the generalisation
error more than two times.

Theoreticd considerations presented in Chapter 3 and in Sedion 4.1can gve
condtions where the overtraining effed is very naticeale. For example, Table 3.1
indicates that for 50-variate sphericd Gausdan data with Mahaanohis distance
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d= 4.56 (the Bayes and the asymptotic erors are 0.01) and training-set size
N = 30, ore can exped after the first iteration to oltain the generalisation error
0.016(EDC). If one uses the targets 0.9 and 0.1,then in further training, SLP will
approach the Fisher clasdfier with more than 10 times the generalisation error
(0.197. If one uses targets 1 and 0,then in further training ore will get the zeo
empiricd error classfier with a dightly smaler generaisation error - 0124
(Table 3.3). In bah cases we obtain tremendous overtraining.

The overtraining effed can be explained aso by the fad that there exist two
different cost functions inthetraining process

- costy, to be minimised duing the training process, is based on the training
pattern vedors and

- COoStgen Of the dasdficaion error measured on the general popuation (in
pradice it is measured ona separate test or validation set); we had named this
the condtional classfication error or the generali sation error.

Eadch cost function hes its own landscape in the multivariate weight space and
minimisation d the first function dees nat imply the minimisation d the second
ore.

Example 9. In Figure 4.10in two-variate weight space we have depicted a fina
weight vedor V, that corresponds to a minimum of the sample-based cost
function cost; and a true minimum V* that corresponds to the true (asymptotic)
clasdficaion error. Suppcse, the dasdficaion error depends only on the distance
of the weight veaor from the ided value V*. Let us dart training from initial

weight VOl and move to the sample-based minimum V; alongastraight line. Then
a minimum classficaion error will be obtained at Volpt , the dosest point to V*.

Thus, in a segment Volpt -V; we have overtraining.

Fig. 4.10. Effeda of initia weights on owrtraining. We have overtraining when starting
from V& or fromVZ. However, starting from V¢ does not lead to owvertraining (aop>1,
seeEquation 433).
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It is a mnsequence that instead of minimising the true st, costgen, With the
minimum in V*, we minimise the sample-based cost, cost;, with the minimum in

anather place(V; ). If we start with V¢ and move straight to V; , we need to stop

at Vg . In comparison with Vg , vedor Vg results in a smaller generalisation

error. If we start with V¢’ and move straight to V;, we need to train urtil the end
(the minimum of the st function). In this case, we have no owertraining.
This graphicd example alvocates that the overtraining effed depends on the

initial values. In the next subsedion, we will perform more mmplete analyticd
investigation.

4 5.2 Effect of Initial Values

Figure 4.10 demonstrates that overtraining appeas only in a part of training
experiments and that it depends on the wnfiguration d the starting, V,, final, V,,
and ided, V*, weight vedors. In this sdion, we will show that in high

dimensional cases, the overtraining dmost always occurs. To simplify analysis,
consider an elementary linea model

y=X"V* +x=t, (4.23
where y is the output, V is the weight vedor, X is n-dimensiona inpu vedor,
X~Nx(0, 1), x is Gausdan N(0, s?) independent noise and t stands for the target
value.

Let us have the training set (Xy, Y1), (X2, ¥2), ---, (Xn, Yn) @nd let us utili se the

standard sum of squares cost function in order to evaluate an unknavn weight
vedor. Minimisation d the sum of squares cost resultsin

1 1

&l N 6 1N &1 N -1 N .
Vise—a X XTE —aAX Y Te A XX T & (XX TV +XX),
! gszl I 5 Nizp Y gszl 22N j:1( Iy iXi)

where we have used y; = X;'V* + x;. According to definition, Ex; = 0.

Consequently,
-1
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The standard multi variate statisticd analysis gives
-1

&l N 0 N
Ec—a XX+ = l. 4.2

Thus, the assymptotic (when N ® ¥) distribution d the final weight vedor

S2

* - _
Vl“‘N\/l(V ,S\/l) with S\/l— ml

(4.29

Let (V;-V*)(V;- V¥ ) = d7, which is a squared error - a charaderistic of the
acarracy of determination d the final weight vedor V,. For randamly generated
training data (X1, Y1), (X2, ¥2), .., (Xn, Yn) ONe can consider V; asarandam vedor.
The mean squared error of V; is

s?n

mse(V, )= E (V3-V* ) (Vy- V) =tr Sy, = N-n-1

(4.2
Let us dart training with the initial weight vedor V. The @variance matrix S,

is propational to the identity matrix (Equation (4.25). Therefore, without loss of
generality we can asuume that only the first comporent of the starting vedor

differs from the ided vedor V*, i.e. Vo - V¥ = (D, 0, ...,0)". In order to analyse
the acarragy of thelinea move from Vg to V,, let usintroduce aweighted estimate

View =a V1 +(1-a) Vo, 4.2

wherea isaweightingfador (O£ a £ 1).

Then the squared error of the new estimate, V., , iS
(Voo V) (Vogy= V¥ ) = (@ Vy+ (1-2) Vo-V*) (@ Vi + (1-2) Vo - V* ) =
(@ Vyp+(1-a) (Vo-V*))'(a Vp + (1-2) (Vo-V*)) =

(az.+(1-a) D)2+ a’ 4 2 =(D+a (z:-D)?+a’Q, (4.
j=2

where 2z, ...,z, are mmporents of the vedor V. :Vl—V*, and Q= z? .

i

1| Qo

2

In arder to find the optimal weighting fador, aox we ejuate aderivative of
(4.28 to zero:

2(D+a(z,-D))(z1-D)+2aQ =0,
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and olain
_ D(D-z)

T (D-2)2+Q"

By scdingthe variables z; and Q by the fador

(4.29

Aopt

32

we can represent aop asa

function d two independent, Gaussan (x) and chi-square (cﬁ_l), randam
variables

N D(D- xs/+/N-n-1)
 (D-xs/YN-n-1D2+s2/(N-n- ez,

Thus, the optimal weighting fador aqy depends on two randam variables x and

(4.30

Cﬁ_l. Consequently, aqy can be anaysed as a randam variable. Representation
(4.30 allows us to derive the distribution density of aqy and to cdculate the mean
and variance of aqy. An expressonfor the mean is rather simple
1
s2n
(N- n-1)D?

anu =

(4.3)
1+

Equation (4.31) shows that, in inacarate initial weights case (large D), the final
weight vedor, V., ough to play more important role (Eaoy is closeto 1). In SLP
training it means: we need to train the perceptron amost until the end.

In order to compare the acaracy of the initial V,, and final V; weights, it
would be desirable to utili se the same units. In (4.26), the acaracy of the weight
vedor V,; was determined in terms of the training-set size One can use (4.26) and
express the acaragy of V, in terms of an imaginary training-set size, No, that
shoud gve a cetain squared error of V:

2
(v -v*)T(v-v*):DZ:—S n (4.32
0 0 Ng- n-1° '
Useof (4.32 in (4.3]) resultsin
N-n-1
Eagy= ——————. 4.3
7 Ng+N-2n-2 (439

From Equation (4.33), it is e that with an increase in the acaracy of the
determination d the initial weight vedor (in this representation, with an increase

in the imaginary sample size Ng), we nedl to scde the final V,weight with the

smaller coefficient, a. In perceptron training, this means we have to stop training
ealier. For N =30and N, =22, 26, 30, 4@ve have following mean values of the
weighting fador: aqx= 0.9, 0.65, 0.50, 0.32.
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Now we will evauate the gain that can be oltained from optimal weighting the
initial and final vedors. Inserting the mean value of the weighting fador (4.33
into the expresson for the generali sation error of the weighted estimate (4.28), we
obtain the mean generali sation error

nm( new&opt)_ N0+N_2n_1' ( . 49

Suppase for a moment that all N vedors from the imaginary training-set can be
utili sed for training the perceptron. Then from Equation (4.26), we conclude that
the generali sation error would be

s°n

NeN-nT (4.39

rnse(vopt )=
Comparison d (4.34) with (4.35 indicates that if instead of al Nptraining vedors
we use only the weight vedor V,, we aelosingjust ntraining vedors. If Npand N

are large, ratio n/Np is snall. Thus, the initial weight vedor V,; can carry almost

al information contained in the Ny vedors of the imaginary training-set. To save
this information we need to stop training in time.

Up to now, we mnsidered orly mean values. Figure 4.10 cemonstrated that the
overtraining prenomenon appeas only in some of training experiments. Analysis
of variances of optimal weighting fador aoy (Equation 430) leads to the
conclusion that in high-dimensional cases, overtraining almost always occurs. In
Figure 4.11, we have four distribution density functions of aqy found from the
representation (4.30 by numericd methods for distinct n, N, and four initial
weights of differing acaracy (Ng = 22, 26, 40and 219. From Figure 4.11,we see
that for n = 20, Np = 22, and N = 30, the weighting fador aqy > 1in 7.5% cases.
This means that in 7.9% of cases, the overtraining will not be observed. A
variance of the distribution d a.x diminishes with simultaneous increzse in the
number of fedures, n, and the training-set size (No and N;). E.g. for n = 200,
No = 212 and N =300, we obtain the same value of Eaqx (0.90. In the latter case,
however, we have a smaller variance and the overtraining effed will always be
observed.

Large variances of the distribution d aoy indicate that in small dimensioné
cases, in oder to uilise dl information cortained in V,, we neal to stop

individually for ead pair of V, and V;. In principle, in some caes, the

individualy optimal stopping alows us to oltain a generalisation error smaller
than (4.39.

In order to stop training opimaly, however, we ought to uilise cetain
addtiond information. The posshility of making wse of the information contained
in the initial weight vedor is a pealiarity bath o the prediction and the
clasdficaion problems. In Chapter 3 it was demonstrated that, in the dasdficaion
task, the analyticd expressons for the generalisation error are much more
complicated than Equation (4.26). Consequently, analytica expresgons for aoy
shoud be even more mmplex than (4.31).
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As a oncluson we daim that the initial weights can contain useful
information. This information can be utilised in improving the generalisation
performance of the network. To save this information we neal to stop training in
time.

n =200
No =212
i N =300

Fig. 4.11. Effeda of the acaragy of the weights initialisation (the imaginary training-set
sizeNp) and dmensiondlity, n, onthe distribution density function d the optimal weighting
fador agpy.

This pealliarity of the alaptive network training is one of the key items that help
to integrate the statisticd and reural net approaches.

4.6 Tools to Control Complexity

In SLP and MLP training, ore can oktain many dfferent classficaion rules. The
overtraining and scisors effeds advocae that in the finite training-set size
situation, it is important to choose aclasdfier of proper complexity. In this book,
we drealy have met severa fadors that affed the network’s training result. The
objedive of this £dion is to enumerate and explain al fadors that influence the
training result and can be used for an intelligent control of the dasdfier's
complexity. We cdegarise the fadors associated with: (1) the st function and
(2) the optimisation technique used to find the minimum of the st function.

The most popuar cost function wsed in feedforward ANN designis the sum of
squares defined in Sedion 4.1.Instead of the quadratic loss ore can use the



174 4. Neural Network Clasdfiers

Kulbadk- Leibler distance (see e.g. Haykin, 1999. We mncentrate here on the
quadratic loss(4.2) only. The parameters that determine the st (4.2) are:

the charader of the adivationfunctionf (net);

the target valuest'”:

the weights V themselves (most important are their magnitudes);
- theinput patterns X(J-') .

We onsider the dfeds of eah o these fadors on peadliarities of the cost
function and onthe type of the dassficdion rule obtained. Note, al these fadors
influence eah ather and their optimal values are mutually dependent.

The darader of the adivation function (a linea function, soft-limiting, the
threshold function) introduces new posshiliti es into SLP training. In dependence
on the target values and the magnitude of the weights, we have different types of

asciation ketween the weighted sums G(ji) = VTX(ji)+ Vv, and the contribution

terms (t(ji) - f (G(ji)))2 in the sum cost;. Small weights make the adivation function
linear, large weights together with the boundary values of the targets (+1 and -1
for tanh(G) adivation function) affed the term (t(j')— f(G(j')))Z, moving it towards

the threshold function and allowing it to minimise the empiricd probability of
misclasdficaion.

4.6.1 The Number of Iterations

In nonlinear SLP training, with an increase in the number of iterations one can
obtain seven satisticd clasdfiers of differing complexity (EDC, RDA, standard
Fisher LDF, Pseudo-Fisher LDF, robust DA, minimum empiricd error classfier,
and the maximum margin (suppat vedor) classfier). Withou doult, the number
of iterations is the most important fador which determines the type of
clasgficationrule obtained in MLP training.

4.6.2 The Weight Decay Term

The adition d the “weight deca” term, I V'V, to the standard cost function
reduces the magnitudes of the weights. Nowadays, it is the most popuar technique
utilised to control the complexity of the network. For very small weights, the
adivation function ads as a linea one. Thus, for the linea and nonlinea SLP,
addition d the regularisation term is equivalent to using a “ridge” estimate of a
covariance matrix in a linea regularised dscriminant analysis. Suppcse we ald
the “weight decay” term | V'V, use the targetst; = 1 andt, = -1, and instead of the
tanh adivation function, wse the linea one, i.e. f(net) = net. Then, equating the
derivatives (4.4) and (4.5) to zero and solving the eguations, we can show that, for

the centred data (M =0), V= (Il + S)'DM kup and Vo = O (knp is a scdar

which daes nat depend on X, the vedor to be dassfied). Thus, the “weight
deca/” term leals to regularised dscriminant analysis.
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An dternative to the weight decey term is the term +l (VTV— cz)z. Here, a
positive parameter ¢ controls the magnitude of the weights and ads as the
traditiona regulariser.

4.6.3 The Antiregularisation Technique

After starting from small or even zero vaues, the weights of the perceptron
increase gradually. The nonlinea charader of the adivation function asdsts in
ohtaining the amplex classfiers (the robwst DA, the robust regularized DA, the
minimum empiricd error and the maximum margin classfiers). The magnitudes of
the weights, howvever, depend onthe separability of the training sets (the enpiricd
clasdficaion error). If the training sets of oppdasite pattern classes overlap, the
weights canna be increased very much. Consequently, small weights can prevent
us from obtaining ore of the complex classfiers.

When the pattern classs are highly interseding, in order to be ale to control
the type of classfier obtained at the end, we can utili se the complementary term
added to the traditional cost function. We car subtrad the weight decgy term
instead o adding it. Then we obtain large weights and begin to minimise the
empiricd classficdion error. This technique is cdled antiregularisation. It was
demonstrated that for non-Gaussan pettern classes charaderised by a number of
outliers, the antiregularisation can reduce the generalisation error radicdly. Often
the traditional weight decay term destabili ses the training process Therefore, the
term +l (VTV— 02)2. used to control the magnitudes of the output layer weights is
preferred. In a modificaion d this technique, ¢ increases with t, the number of
iterations.

Example 10.1n Sedion 4.2.1we used the antiregularisationterm in order to oltain
anontlinea dedsion boundry in the five-variate paynomia fedure space(Figure
4.4). In Figure 4.12,we ill ustrate this technique with a two-variate example where
we have Gausdan N(M;, S) data with highly correlated feaures. The data is

contaminated by 1®6 naise N(O, N):

M. _gt0030y o _ 0040 001961 €10 - 07y
17" V276002800 27 §o1es oo1 T o7 10

For training, 100 Ilp-variate vedors from eadt classwere used (Figure 4.12a). For
testing, we used 1000-1000 edors. We'd like to draw attention to the fad that, in
bi-variate data A2, we have a omparatively large number of training vedors
(N; = N, =100, and the signal and ndse wmporents have oppaite rrelations.
The variance of noise is much larger than that of the signal. In traditional training
(condtionsE1 - E4,h =0.5), wedid na have any success(dedsion boundry 1in
Figure 4.12a and leaning curve 1 in Figure 4.120). Adding the atiregularisation
term 0.02 (VTV- 25)2 to the st function daes not influence the learning curve &
the beginning bu, later on, when the weights increase substantially, the dedsion
boundry begins approaching the optimal boundxry (2 in Figure 4.12a) with 126
generalisation error (see arve 2in Figure 4.12b).
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Fig. 4.12. Effed of the atiregularisation technique in SLP training: 1 - standard BP
training, 2 - with antiregularisation.

4.6.4 Noise Injection

Ancther popdar methodfor stabili sing solutions whil e training artificial neural net
clasdfiers is noise injedion. Noise can be alded to inpus of the network, to
outputs, to the targets and to the weights of the network.

4.6.4.1 Noise Injection to Inputs
In this approach, we ald a z&o mean and small covariancenoise vedorsn, to the

training veaor X (ji) at ead training iteration:
XO =x +nl), (=12, ., tm), (4.39

where tpax IS the number of training sweeps (presentations of all vedors in the
training-set).

Thistechnique is aso cdled jittering d the data. While injeding ndase m =t
times to ead training vedor we atificialy increase the number of training
ohservations mtimes.

For the linea clasdficaion, we can find a link between ndse injedion and

regularised dsriminant analysis. Let the mean of noise vedor n (Jil)j be zeo and the



4.6 Toodsto Control Complexity 177

covariance matrix be | xI. Then the cvariance matrix of randam vedors X(J‘l))

(b=1, 2, ...,m) with ndse alded will be S; + | xI, where Sj is the true @variance
matrix of X (Ji) . Consider now the sample mvariance matrix of thejittered training-

set composed of MmN, vedorsx% (i=1,2,...N;, b=1,2, .,m). Whenm® ¥,

the new sample estimate of the cvariance matrix tends to

N.
M)y _ 1 8t ) @y O g O
S\ =N 1 _1131 X7 -MYX =M D)+, (4.37)

The mvariance matrix (4.37) coincides with the ridge (regularised) estimate (2.37)
used in regularised discriminant analysis. In Sedion 4.1,it was own that the
two-classlinea clasdgfier derived by the mean squared error criterion (4.2) and the
weight decay regularisation term using an equal number of sample patterns from
ead class (N, = N;) is equivalent to RDA. Therefore when m ® ¥, the noise
injediontechnique dso approximates the regularisation approach using the weight
decy.

In the limit when m ® ¥, jittering the training cata (4.36) with sphericd
Gausdan ndse is smilar to the nonparametric Parzen window probability density
estimate (2.48) with D=I.

Example 11. In Figure 4.13a we present a histogram obtained from seven ore-
dimensional randamly-seleded data points, where to eadh o the seven
ohservationswe alded m = 80 independent Gaussan N(0, 0.05 random numbers.
100 bns were used to draw the histogram. In Figure 4.13 we present the
histogram where we alded m = 20,000 randan numbers. The histogram with
m = 20,000is smilar to the Parzen window density estimate obtained with the
Gausdan kernel and asmoathing parameter | = 0.05(Figure 4.1%).

Fig. 4.13. Histograms obtained where, to ead of seven ore-dimensional observations,
a m=80 ab m=20000independent Gaussan N(0, 0.05) random numbers have been
added; ¢ the Parzen window density estimate.
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One nedls a grea number of noise injedions, m, in arder to approach the Parzen
window density estimate. In the multivariate cae, the number of noise injedions
has to be much higher. Therefore, in very high-dimensional cases, the sphericd
noiseinjedion can become ineffedive.

Adding a noise esentidly amourts to introdwcing rew information
which states that the spacebetween the training vedorsis not empty.

It is very important in MLP design, since the network (more predsely the st
function to be minimised) does not know that the pattern space between the
training olservation vedorsis not empty. A noiseinjeded to inpusintroduces this
information. In pradice, it isimportant to choose the wrred value of | , the noise
variance Similarly to regularised discriminant analysis and smocthing in the
Parzen window classfiers, an ogimal value of | (the regularisation perameter or
the noise variance) depends upon the number of training wedors and the
complexity of the problem.

4.6.4.2 Noise Injection into the Weights and into the Outputs of the Network

Adding ndse to the weights is a common padice to tackle locd extrema
problems in ogtimisation. In additi on to fighting the locd minima problems, nase
injedion into the weights increases the overlap of the training sets. Consequently,
noise injedion reduces the magnitudes of the weights and ads as a tod to cortrol
the complexity of the dasdfication rule. In the MLP classfier design, ndse
injedion into the weights of the hidden layer ads as noise injedion into the inpus
of the following layer and ads as the regulariser of the output layer neurons.

During the training process ndse can be dso added to the outputs of the
networks (or the targets). Such noise injedion also reduces the magnitudes of the
weights and influences the complexity of the dassfication rule. In all cases, an
optimal value of a noise variance shoud be seleded. Typicdly in situations with
unknawn data, the varianceis determined bythe aossvalidation technique.

A drawbadk of training with ndse injedionisthat it usually requires oneto use
asmall | earning rate mnstant and many sample presentations, m, over the noise. In
high-dimensional space this problemis particularly visible.

4.6.4.3 “Coloured” Noise Injection into Inputs

As arule, ore injeds into network inpus a “white” noise - sphericd uniform or
Gausdan N(O, Il) randam vedors. In high-dimensiona, red-world pattern
clasdficaion poblems, data is stuated in nonlinea subspaces of much lower
dimensionality than the formal number of the feaures. This means that for large |

sphericd noise injedion can dstort data @nfiguration. In k-NN direded ndse
injedion, k-NN clustering shoud be used to determine the locd intrinsic data
dimension; and the added ndse shoud be limited to thisintrinsic dimension. Then
we have minor data distortion and, in comparison with sphericd noise injedion,

we obtain again. One can add nase to the training vedor X ?) in the diredions of
k of its neaest neighbous.
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An aternative way isto use k neaest neighbousto cdculate asinguar sample

covariance matrix, S, aroundx(ji), and then to add Gaussan N(0, | Sf) naise.
Thus, instead of white noise we ae alding “coloured”’ noise. The optimal number
of neaest neighbousk, aswell asascde parameter, | , shoud be determined in an

experimental way.
4.6.5 Control of Target Values

One more fador which always aff eds the magnitudes of the weights is the target
values. Let us analyse the dasdficaion poblem with two pettern classes using
SLP trained by the sum of squares cost function (4.2) and tanh adivation function
(1.9.

Suppcee targets t, and t, are dose to ead ather, e.g. t; = 0.5and t,= -0.5.
Then after minimisation d the st function, we obtain small values of the sums

n
G; = él Vo X3 + vy and, consequently, small weights. Thus, the weighted sum G
a=.
variesin a small interval aroundzero. Esentidly, the adivation function, o(G), is
ading as a linea function. Hence, with proximal targets we will not obtain the
robust classficaion rule, the minimum empiricd error and maximal margin
clasdfiers.

Whent, ® landt,® -1, the weights will increase. Then the trained SLP

clasdfier will begin to ignare training vedors distant from the dedsion hyper-
n .

plane & v, x{)+ v, = 0. Thus, the target values can be utilised as a tod to
a=1

cortrol the “robustness’ of the dasdficaion rule. To oltain the minimum
empiricd error and the maximal margin classfier, we need to use target values that
are very close to the boundry adivation function values (1 and -1 for adivation
function (1.8)). Values outside the interval (-1, 1) asdst in fast growth of the
magnitudes of the weights and speed upthe training process However, they also
increase the probability of being trapped at alocd minimum (the locd trench).

4.6.6 The Learning Step

The leaning step, h, affeds the spead of the iterative training process A small
leaning step slows down the training and forces the weights to remain small for a
longtime. Thus, while training the nortlinea SLP, a small leaning step assstsin
ohtaining a more amplete sequence of the regularised classfiers and the standard
linea discriminant function with the @nventional or with the pseudoinverse
covariance matrix.

A large leaning step speals up the growth of the weights. However, too large
leaning step can stop the training process after just the first iteration. When we
use avery large leaning step, then after the first iteration we can oltain enormous
weights. Consequently, the gradient of the st function can become very small
and the training agorithm can stop. If we fulfil the cndtions E1 - E4,
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enumerated in Sedion 4.1,we get EDC after the first iteration and do nd move
further towards other classficaionrules (see eg.curve 3in Figure 4.3). Large and
intermediate leaning step values can stop the training process ®on after RDA is
obtained and do no alow one to oltain RDA with a small regularisation
parameter. A large leaning step leads immediately to large weights. Thus, it
increases the posshility of being trapped at locad minimum.

Furthermore, if a cmnstant leaning step is utili sed, then with an increase in the
magnitude of the weights, the training process $ows down and stops. One can say
that the effedive alue of h deaeases. In this case, the fixed value of the learning
step can prevent the dgorithm from getting to the minimum empiricd error or the
maximum margin clasdfier. One solution to overcome this difficulty is to use a
variable learning step h, where dter a cetain number of iterations h is ether
incressed o reduced. In badk propagationtraining,in order to oktain the maximal
margin classfier, it was suggested that the leaning step h shodd incresse

exporentidly, e.g. h = hg (1+e)t, where t is the iteration number, and e is a small
paositive mnstant chasen by trial and error. Typicdly, one can use larger e values
when ore has gnall or even no error while dassfying the training-set. A larger
leaning step can prevent us from obtaining the standard statisticd linea
clasdfiers. It can allow us to oltain the robust regularised discriminant function.
The degree of regularisation and the robustnesscan be controlled by the leaning
step value. Therefore, one shoud choose e value caefully.

Example 12. In Figure 4.14, we present four pairs of leaning curves: the
generalisation error as function d the number of iterations for four h values.

10 100 1000 t

Fig. 4.14. Generalisation error as a function d the number of iterations t for different
values of theleaningsteph: 1- h= 0.004,2- h=0.1, 3- h=10(targets0.9 & 0.1) ;
4- h=10-1.005 (after whitening data transformation; targets 1 & 0).
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Here we used two 20variate GCCM pattern classes with correlated feaures
(r =0.9), the Mahalanohis distance d = 4.65 (the Bayes error ez = 0.01), targets
t; = 0.9,t, = 0.1, (for graphs 1, 2, 3 and ore training-set composed o 30 + 30
vedors. The straight line 3 shows that for h = 10, the alaptation processafter the
first few iterations pradicdly stops. We have very slow (at the beginning) training
when the leaning step is too small (curve 1 for h = 0.00]). A whitening cata
transformation (see Sedion 5.4.3 together with the exporentia increase in the
leaning step h = 1.005, results in a fast training and the smallest generalisation
error, the generalisation error 1.4% (curve 4).

Thus, the value of the leaning step is an extremely important fador that affeds
the result of the training process the minimal generalisation error and the optimal
number of iterations.

4.6.7 Optimal Values of the Training Parameters

In linea single layer perceptron training, the regularisation techniques based on
weight decg, sphericd noise injedion, and ealy stoppng can be euivalent to
clasdcd linea regularised discriminant analysis. In al four complexity control
methods, we neal to chocse optima values of | or the optimal number of
iterations. It was down theoreticdly that in RDA, the optimal value of the
regularisation parameter | depends on N, the training-set size: | ox deaeases when
N increases (see Sedion 3.4.9. Bellow we present an ill ustration d equivalence
of these complexity control techniques.

Example 13. In Figure 4.15, we present the generalisation error versus |, the
conventional regularisation parameter in RDA (a), the regularisation perameter in
the weight decay procedure (b), and the noise variance in the noise injedion
regularisation (c). In this experiment, we used artificia eight-variate GCCM data
with strondy dependent feaures. It isimportant to nde that the optimal values of
the complexity control parameters under discusdon significantly depend onthe
particular randamly chasen training-set. Therefore, the experiments were repeaed
20 times with dfferent randamly chosen training sets. In Figure 4.15, we have
averaged the values.

For ead value of N, the number of training examples, all threefamili es of the
graphs approximately exhibit the same generalisation error at minima points and
explain, by example, the equivalence of all three regularisation techniques. This
experiment confirms the theoreticd conclusion: the optimal values of the
regularisation parameters deaease when the number of training examples increase.

In SLP training, the number of iterations, the leaning step, the targets, the
noise, the weight decay term, and the nonlineaity of the adivation function are
al ading together. The influence of one regularisation factor is diminished by the
other ones. This circumstance caises additional difficulties in determining the
optimal values of the cmplexity control parameters.
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SLP

N a b C
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Fig. 4.15. Threetypes of regularisation d the SLP classfiers for two sizes of the leaning
sets (N; = N, =5 and 10: a - the regularised dscriminant analysis with the ridge estimate
of the mvariance matrix, b - weight decg, ¢ - noiseinjedionto inpus.

The targets, the leaning step (to some extent even the number of iterations) do nd
ad in a dealy visble way. Thus, they can be onsidered as automatic
regularisers. In neural network training, havever, their effeds canna beignared.

Considerations presented in this sdion are valid for the gradient type seach
techniques used to find the weights of the perceptrons. Utilisation d more
sophisticaed optimisation techniques guch as aseand ader Newton method o its
modificaions can speed up the training pocess However, at the same time it
introduwces definite shortcomings. For example, in the cae of the linea
pereceptron, the second ader (Newton) method, in principle, alows us to
minimise the ast functionin just one step, havever, it prevents us from obtaining
the regularised dscriminant analysis. In this ense, the badk propagation algorithm
is more desirable. Nevertheless this ortcoming o the Newton method can be
diminished byintroducing the regularisation term.

4.6.8 Learning Step in the Hidden Layer of MLP

In comparison with SLP, in MLP training several additional aspeds arise. The
leaning step is the first important seaet factor that affeds the complexity. In the
gradient descent optimisation procedure, a fixed value of the leaning step
h causes a randam fluctuation d the parameters to be optimised (in ou case, the
comporents of the weight vedor). Asymptaticdly, for fixed h, and large t, the

number of iterations, the weight vedor V, oscill ates around Vy, an opimal
weight vedor for this particular training-set. In his classc paper, Amari (1967 has
shown that, asymptoticdly, for large t, the weight V(, is random Gaussan
N(Vy, hSy; ), where Sy, is a @mvariance matrix that depends on the data, a
configuration d the network and peadliarities of the st function rea the

optimum. In ogtimisation, in order to find the minimum exadly, the parameter h
shoud converge to zero with a cetain speed.
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Randam fluctuation d the hidden urits weight vedor V() suggests that the
outputs of the hidden layer neurones are randam variables too. Thus, we have a
chacs (a process naise) inside the feadforward neural network. Random outputs
serve @ randam inpus to the single-layer perceptrons of the output layer.
Consequently, in the output layer, we have atype of data jittering. The noise
variance depends on the vaue of the leaning step hy, used to adapt the hidden
units. Note, anoiseinjeded into the inputs of the output layer is coloured.

Hence in MLP training, the leaning step hy, in the hidden layer, a traditiond
noise injedion, the weight decay term, as well as the number of iterations are
prodwing similar effeds. At the same time, we neal to remember that if the
hidden urits weights become large, the nonlinea charader of the adivation
function flattens the minima of the st function, reduces the gradient and
diminishes the variance of the noise injeded to the output layer. Hence, we have
an automatic reduction d the processnoise variance

Example 14. The dfed of regularisation d the multil ayer perceptron performed
by threedifferent, bu at the same time similar, techniques: weight decay, jittering
of the training data by a sphericd Gausdan ndse and jittering the inpus of the
output layer cortrolled by hy, the leaning step o the hidden neurones (eta
hidden), is illustrated in Figure 4.16. The MLP with eight inputs, eight hidden
neurones and ore output was used. In this experiment we used the atificial non
Gausdan data, SF8, arealy dscussed in Sedion 4.4.2.1Thetraining-set sizewas
N = 140 (70 olservation wedors from ead clasy and the test set
Nt = 1000= 500+ 500. Average values of the generalisation error estimated from
seven independent randamly generated training sets are presented in the figure.

SLP
En a b c
0.3 0.3 0.3
0.2 0.2 0.2
0.1 0.05 0.1 1 0.1 2
0 lambdawD | 0 lambdanaose | 0 eahdden hp

Fig. 4.16. Three types of regularisation d the multil ayer perceptron: a - weight decy,
b - uniform noiseinjedioninto theinpus, ¢ - leaning step of the hidden layer neurones.

This experiment confirms the theoreticd conclusion that the learning step hy, used
to train the hidden layer neurones has a similar effed to that of the weight decay
and ndse injedion. Thus, the parameter hy, can be used to control the dassfier's
complexity. At the same time, the leaning step is an oHdigatory parameter in BP
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training. Hence, the leaning step hy, ads in an inexplicit way and aff eds value of
other regularisation tods like the weight decay parameter, the variance of noise,
the target values, etc.

4.6.9 Sigmoid Scaling

The SLP clasdfier performs classficaion d an unknavn vedor, X, acordingto a
sign d the discriminant function g(X) = vy Xq, Vo X, ..., VnXn + V. Multiplication o

al weights, vy, v , ..., Vi, V,, by a positive scdar a does not change the dedsion

boundry. In MLP clasdfiers, hovever, the dfed of the multiplicaion d the
hidden layer weights has more important conseguences.

A propartional increase in the magnitude of the hidden unts weights creaes
sharp angles in the alges of the dedsion boundry. A propational deaeasein the
magnitudes of all hidden layer weights snoothes the sharp angles of the dedsion
boundry and changes the complexity of the MLP classfier. Thus, the wntrol of
the magnitudes of the hidden layer weights is one of the possble techniques that
could be utili sed to determine the dassfier’s complexity. We have ill ustrated this
phenomenon bythe example drealy dscussed in Sedion 1.2(Figure 1.5).

Example 15.1n Figure 4.17a we have 15 + 15 h-variate training veaors from two
artificially generated pettern classes where vedors from the first class are inside
the second ore, and there is aring-shaped margin between the pattern classes.

MLP
N

e

+ .+ ]

5
Fig. 4.17. a The training vedors from two pettern clases and the dedsion boundries:
1- dedsion boundry of overtrained MLP (after 10,000 training sweeps), 2 - the
smocthed dedsion boundry of the optimally stopped MLP; b The generalisation error as a

function d the scding parameter a: 1 - scding o the weights of the overtrained
perceptron), 2 - scding d the optimally stopped perceptron.

After training MLP with 10 hidden urits for 10,000iterations in batch-mode, we
ohtained the nonlinea dedsion boundry 1 with generalisation error, 7.6% (for
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estimation, we used 500 + 500 test vedors). In badk-propagation training, we
observed a significant overtraining: optima ealy stoppng resulted in a
generalisation error two times snall er (3.4%).

The propational reduction o all hidden layer weights by a fador a = 0.35
smocathed the dedsion boundry and reduced the generali sation error to 1.9% (see
curve 1 in Figure 4.17). In this experiment, a notably better smooth dedsion
boundry (curve 2 in Figure 4.17a) was obtained after smoothing the dedsion
boundry of the optimally stopped MLP - the generalisation error was reduced
from 3.4% to 0.0%% (curve 2 in Figure 4.1 with a minimum &t ax = 0.53.
Thus, in order to reduce the generalisation error we had to optimise both the
number of iterations and the weights sding parameter a.

As a possble generdisation d the scding method, the magnitudes of the
weights can be ontrolled individually for eat hidden urit. An alternative to the
scding d the hidden layer weights by the fador a is to add the regularisation

T, 2.2 .
term, | (Vhidgen Vhidgeen - ), to the st function. Here, the parameter h controls the
magnitudes of the hidden layer weights Vyigeen. A sUccess of the sigmoid scding
technique is caused o the fad that, in MLP training, the large weights of the
output layer reduce magnitudes of the aror transferred badk to adapt the hidden
units’ weights.

4.7 The Co-Operation of the Neural Networks

One of the principal methods to control the cmplexity of the ANN isto chocse a
proper architedure of the network. The achitecdure and the complexity of the
network shoud be dosen in acmordance with the training-set size for short
leaning sequences, ore shoud use simple structured networks and for long
sequences, ore can uili se omplex ones.

There ae threeways to change the network architedure. One is to prune the
network, i.e. sequentia rejedion d the feaures, the weights or the separate
neurones of the network. Ancther posshility is incremental learning where one
designs a simple network at first and then gradually adds new neurones, ore dter
the another. The third way is ewolutionary training, where the feaures, weights or
neurones are alded and removed sequentially. These three gproaches represent
the badkward, forward and mixed feaure selection procedures to be discussed in
Chapter 6.

One more popuar approac to seleding the achitedure is to design severa
simple networks (“locd experts’) and then to join their individual solutions. To
achieve this dedsion-making strategy, ore has to design a final, “boss’ (also
known as “combining’ or “gating” rule) dedsion-making algorithm.

4.7.1 The Boss Decision Rule
For complex data cmnfigurations, it often happens that in spite of alarge number of

perceptron training experiments with various architedures, initialisations and
training algorithm parameters, the researccher does not succeel in minimising the
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cost function satisfactorily and thus does not obtain sufficiently goodclassfication
performance Typicdly, in spite of the fad that ead time the training procedures
stop at different points of the multivariate weights gpace the minimal cost function
values are dose to eat ather. The weights obtained in dfferent initiali sations of
the network, however, are diff erent.

Often, it becomes visible that one preceptron performs well in ore region o
the multivariate feature space while ancther one is a good expert in ancther
region. Some reseachers suppee that the locd minima and the flat
multidimensional aress of the ANN cost function are “windmills’ that are
impossble to fight, and suggest, instead, designing a @mplex well-tuned
cooperative network in the high-dimensional fedaure space Thus, in spite of
fighting the “windmill S” one can try to make use of them.

An aternative to the dired building o complex networks is to make several
“small” networks and then to join their solutions. The small networks are cdled
locd experts, locd clasdfiers, or locd neura networks, and the gproach o
synthesising the mmplex ANN from simple onesis cdled a @m-operation d neura
networks, ensemble of locd experts, moduar neural networks, etc. We show that
the statisticd methods described in this book can help to solve the network
synthesis problem in areasonable way.

A dtarting point of the @-operation approadh is an assumption that different
members of the @-operative network - the locd experts - perform well in
different regions. Then the boss- the output network - shoud be adeded and wse
solutions of all the locd experts. On the basis of thisinformation, the bossougtt to
perform the final dedsion.

Voting. It is the simplest technique used to make the dedsion. The voting can
perform well if the dedsions of the experts are statisticdly independent and all
experts are eually qualified. More often, separate experts make very similar or
identicd deasions. Therefore, their dedsions are statisticadly dependent and ore
needs more sophisticaed methods to make the final classficaion. Moreover,
different experts have diverse qudlificdions. Then, instead of the ordinary voting,
aweighted voting can be utili sed. The number of methods for designing the linea
classfier can be put to usein determining the weights for ead expert.

Nonparametric dasdfication methods. In more complex situations, we ca
apply the locd dedsion rules discussed in Chapter 2. Suppcse we have r locd
experts, and let the j-th expert perform classficaion d an unknavn vedor X
into ore of m clases. We suppose various experts can be authorities in
clasdfying into the different number of clases. This is a generdisation d a
standard situation where my = L, the number of the dasses. The total number of

L
possble solutions (bins, cdls) made by the r experts is m =O m. Dencdte a
=1

dedsion made by the j-th expert as 0 and that made by a set of experts by the
vedor O=(0,, 0, --»0,)". Eadch vedor O can assuume only ore bin, b, from the
m bins: by, by, ..., byq, By
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To design the final, boss clasdfier, we asume O = (0, 0, ---, 0, )" to be

discrete valued random vedor. Then the condtiona distribution d the i—th class
vedor O taking ore bin from mis charaderised by m probabiliti es

PO, PO PO PU with j%_jlpj(”:l, (i=1,2, .0

Let P; be the prior probability of the pattern classwi. Then the optimal Bayes rule
shoud make the final clasdficationacmrdingto dedsionsof r locd experts:

to dlocae vedor O, faling into the sth bin, acwording to the maximum of
products

&) @ L
P,PS ., PPY, ..., PPY.

This is the multinomial classfier for caegoricd data discussed in Sedion 2.9.1.
To design this classfier, we have to know the probabilities P", P$, ..., P{L).

The maximum likelihood and Bayes approaches to estimate these probabiliti es
from the training data can be used. E.g. in the maximum likelihoodapproach, we

use P") = n; /N, where n; are anumber of training examples from the i-th class
with j-th bin.

Example 16. We demonstrate the satisticd dedsion functions approadch to
designing the bossrule by considering a problem of classfying the lung-sounds
data by threelocd experts. Eadh locd expert uses a diff erent part of the data (ealy
expiration, midde expiration a late expiration) and performs clasdfication into
ore of three pattern classes. Thus, m = 3, and m = 333 = 27. To make the

dedsion, ead locd expert (MLP with six inpus, seven hidden urits and three
outputs) used six cepstral coefficients caculated from a cetain segment of the
aooustic lung signal. In the first class we have 180 wedors, in the second class
190 edorsandin the third ore 200 edors.

The dedsion-making scheme of the bossclasdfier is ill ustrated by Table 4.4.
Inrows 2, 3,and 4,we have dl possble answers of the three experts. In rows5, 6,
and 7 (# of wy, # o Wy, and # d ws), we present n;, the numbers of training
examples from eat of three d¢asseswithin ead of 27 kins.

In row 8 (Multinom), we have dedsions of the Bayes (the multinomial
clasdfier) that performs judgements acarding to the maximum of ny, ny, and ng;.
In the row 9, we present the dedsions of the voting algorithm. In dubious cases,
we give preferenceto the dedsion o the first expert (or the seacond ore). Dedsions
made by vating and bythe multinomial classfier differ in 11 bins (printed in bdd)
out of the 27. For this data set, the enpiricd error rates, nevertheless are similar:
25.8% for the multinomial classfier and 30.84 for the voting rule.
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Table 4.4. Classfication by threelocd experts.

N.ofbinl1 2 345678 910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
Expert1 1111111112 2 2 2 2 2 2 2 2 3 3383 3 3 3 3
Expert2 1112223331 11222333 11122233
Expert3 1231231231 2 3 12 312 31 2312312 3
#ofw, 76 58143032 37 1 0 7 8 3 1. 0 2 7 3 15 3 2 5 2
#ofw, 975 76121 2 33 31066 92 1 3 11 5 4137 1 4 4
#dw; 4405 11811 71 02 01 3 315 0 1 1 0 B 8 9 100
Multinom1 2 11 2233 31 2 2 223 3 33 112 12 23 3 3
Voting 1111 21113 22 2 222223 133 3233 33

4.7.2 Small Sample Problems and Regularisation

When the number of the locd experts and the number of the dasses are large, the
number of bins m becomes enormous. Hence tilisation o the multinomia
clasdfier becomes impradicd. In such cases, ore ough to simplify the dedsion
rule. For this purpose, the dedsion-tree the nonparametric Parzen window, or the
k-NN clasgfiers discussed in Chapter 2 can be put to use. Recdl that in the small
training-set case, simpler classficaion rules can perform better than the complex
ones. Consequently, ore needs to seled the complexity of the bossrule properly.
This entails €leding the optimal smocthing parameters of the PW clasdfier, the
optimal number of neighbous, the gpropriate structure and the mwmplexity of the
dedsiontree

Strictly speaking, the training data used to design separate experts canna be
used to estimate the unknavn parameters of the bassdedsion rule. Usage of the
training-set to estimate parameters of the boss rule leads to hiased estimates of
these parameters and worsens the dedsion-making algorithm (in such cases, eah
expert network boests itself and deceves the bosg. In principle, a separate
independent validation daa set shoud be used. Often it is difficult to have an
independent validation set. However, in spite of this warning, researchers often
ignare the bias problem and cedde to use the training-set data once more.

In order to reduce the bias, ore can perform regularisation d the bossdedsion
making algorithm. One of posgble ways to regularise the bossclassfier is through
noise injedion. In the &ove medicd diagnasis problem with the lung dita, we
have jittered the six cepstra coefficients by adding zero-mean and variance |
noise. In this way we increased the number of vedors 20 times. Later we dassfied
this ssmi-artificial validation set by means of threelocd experts and estimated the

probabiliti es P, PS, .., P{Y) . Note, the jittered signal was nat used to train the

expert networks. It was used orly to estimate the probabilities P, PO, .., P

This way of injeding ndse has led to coloured ndse injedion into the outputs of
the locd experts. In the previous Sedion, we alvocaed that jittering d the data
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caries sippdementary information that whil e recording the data, the measurements
were performed with some aror.

The noise variance, |, plays the role of the regularisation perameter. As in
other regularisation poblems, the aiurve generdisation error versus the
regularisation parameter | has a minimum. It is important to choose the proper
value of | . This value shoud be seleded in acordance with the training-set size
In the experiment considered, after proper seledion d the noise variance, we have
succeealed in reducing the generali sation error substantially.

If as the bossrule, we use the dedsion tree or the Parzen window with spedal
kernels, the complexity of the dedsionrules shoud be cntrolled by the number of
the dedsion tre€s final leares or the smoathing parameter of the PW clasdfier.
Tedhniques to seled the dassfier of optimal complexity will be discussed in
Chapter 6.

4.8 Bibliographical and Historical Remarks

The mathematicad model of the neurone was first described in McCull och and Pitts
(1943 and the supervised leaning algorithm of the perceptron was siggested in
Rosenblat (1958. Widrow and Hoff (1960 introduced the least mean square @st
function, the training algorithm and the linea adaptive dement cdled an adaline.
Cybenko (1989 and Hornik et a. (1989 demonstrated that the multiplayer
perceptrons are universal approximators. Koford and Groner (1966 were first to
show that minimisation d the sum of sgquares cost in the linea SLP leals to the
standard linea Fisher DF. Raudys (1995b, 1996, 199B) demonstrated that in BP
training, six other statisticad classfiers can be obtained. Broomhead and Lowe
(1988 first introduced the RBF concept into ANN design and the ideaof leaning
vedor quantisation belongs to Kohoren (1986. The analysis of the dfed of
eigenvalues on training speal dscussed in the Sedion 4.3.3 belongs to Le Cun
(1987).

Sedion 4.4 onrelations between the training-set size and generdisation o
SLP is from Raudys (1998&) and Raudys (1995). Comparison of the standard
adaline training algorithm with two ather modifications (relaxation and the fixed
increment algorithms) was carried ou by Smith (1972. He concluded that these
two algorithms are more sensitive to the training-set size. The overtraining effed
was naticed and described by a number of authors (see eg. Hertz, Krogh and
Palmer (1991) and Bishop (1995 and references therein). Its explanation byextra
two fadors is new: 1) the initial weight values of the perceptron and 2 the
constant changing d the ast functionin the BP training process Equation (4.33
for aqy was derived in Raudys and Amari (1998. In the aaysis of the
initi ali sation acauracy, a more general result than (4.27) with aqy determined by

(4.33 isknown. Let \70 and \71 be estimators derived from these two sets. Then

Vo = G (No GoV, + Ny G1V,), (4.39

(o]
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where Go= G(V,), G1= G(V,) and G=NoGo + N,Gy1.

For large training-set sizes No, Ny, and fixed dmensiondlity n, we may put the
matrix Go = G, and we have (4.33. Thisis the first-order asymptotic theory, and
we can show the secondorder result by using the acillary statistics (Amari,
1987%).

Tods to control the perceptron complexity are reviewed acording to Raudys
(200@). It has been knawn for alongtime that a weight decay and ndse injedion
can improve generadlisation (Plaut et al. 1986 Hinton, 1989. However,
antiregularisation technique has been proposed only receitly (Raudys, 1995,
1998&). The mloured ndse injedion has been suggested by Duin (1993 and
considered later by Skurichina, Raudys and Duin (2000. More details and
bibliographicd references on the means to control complexity can be foundin
Redal (1993, Red et al. (1995, Bishop (1995, An (1996, Mao and Jain (1993,
Jain, Mao and Mohiuddn (1996. Effedive caadty study bysimulation reported
in Sedion 4.4.2.3 Blongs to Kradjeveld and Duin (1994 and remarks on a
different effed of acairacy of the hidden and ouput layer weights to an increasein
generalisation error to Raudys (1994, 1998). Considerations on co-operation o
neural networks aswell as siggestionto regularise it in small sample situations are
from Guler et al. (1996. More information abou the -operation d neural
networks, multi-moduar ANN, mixture of locd experts and committee macines
can be found in Maaurov (1971, Rastrigin and Erenstein (1981), Fogelman-
Soulie, Vinnet and Lamy (1993, Chapter 7 o Haykin (1999 and Tax et al.
(2000 and references therein.



